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4Devwudfw= Zh dqdo|}h ulvn vkdulqj dqg hqgrjhqrxv ￿vfdo vshqglqj lq d wzr0uhjlrq
prgho zlwk vhtxhqwldoo| frpsohwh pdunhwv1 Ilvfdo srolf| lv ghwhuplqhg e| pdmrulw|
yrwlqj1 Zkhq srolf| vhwwlqj lv ghfhqwudol}hg/ uhjlrqv fkrrvh sur0f|folfdo ￿vfdo vshqglqj
lq dq dwwhpsw wr pdqlsxodwh vhfxulw| sulfhv wr wkhlu ehqh￿w1 Wklv ohdgv wr lqfrpsohwh
ulvn vkdulqj/ ghvslwh wkh h{lvwhqfh ri frpsohwh pdunhwv dqg wkh devhqfh ri djjuhjdwh
ulvn1 Zkhq d ￿vfdo xqlrq fhqwudol}hv ￿vfdo srolf|/ vhfxulw| sulfhv fdq qr orqjhu eh
pdqlsxodwhg dqg frpsohwh ulvn vkdulqj hqvxhv1 Li uhjlrqv duh uhodwlyho| krprjhqhrxv/
phgldq lqfrph uhvlghqwv ri erwk uhjlrqv suhihu wkh ￿vfdo xqlrq1 Li wkh| duh uhodwlyho|
khwhurjhqhrxv/ wkh phgldq uhvlghqw ri wkh ulfk uhjlrq suhihuv wkh ghfhqwudol}hg vhwwlqj1
Nh|zrugv= hqgrjhqrxv srolf|/ frpsohwh pdunhwv/ h!flhqf|/ ulvn vkdulqj
MHO fodvvl￿fdwlrq qxpehuv= F:5/ G83/ G:5/ H941
54 Lqwurgxfwlrq
Lw lv zhoo nqrzq wkdw lq wkh devhqfh ri srolf| glvwruwlrqv vhtxhqwldoo| frpsohwh pdunhwv duh
vx!flhqw wr hqvxuh h!flhqf| lq pxowlshulrg hfrqrplhv lq zklfk xqfhuwdlqw| uhvroyhv judgxdoo|
ryhu wlph +Duurz/ 4<97> Nuhsv/ 4<;5,1 Lq wklv sdshu zh vkrz krz wkh lqwurgxfwlrq ri hqgrjhqrxv
srolf| lq vxfk dq hqylurqphqw pd| xqghuplqh h!flhqf|1 Rxu jhqhudo sxusrvh lv wr dujxh wkdw lq
dq hfrqrp| lq zklfk khwhurjhqrxv djhqwv fdq jdlq iurp wudglqj/ exw fdq rqo| gr vr lq vhtxhqwldoo|
frpsohwh pdunhwv/ hqgrjhqrxv srolf| vhwwlqj ohdgv wr lqh!flhqw htxloleulxp doorfdwlrqv1 Zh gr
wklv e| vkrzlqj wkdw lq d wzr0uhjlrq prgho ￿vfdo srolf| fdq dqg zloo eh xvhg wr pdqlsxodwh wkh
ixwxuh whupv ri wudgh ri vhfxulwlhv/ ohdglqj wr lqh!flhqw ulvn vkdulqj1
Wkh srvvlelolw| ri glvwruwlqj sulfhv dulvhv ehfdxvh zlwk vhtxhqwldoo| frpsohwh pdunhwv wudglqj
wdnhv sodfh dw gl￿huhqw gdwhv1 Wklv lpsolhv wkdw qr pdwwhu zkhq ￿vfdo srolf| lv vhw/ lw lv dozd|v
deoh wr d￿hfw ￿ dqg glvwruw ￿ ixwxuh vhfxulw| sulfhv1 Iru wkh vdnh ri vlpsolflw| zh irfxv rq d
vw|ol}hg prgho zlwk mxvw rqh wudglqj gdwh/ lq zklfk ￿vfdo srolf| lv ghflghg sulru wr wudglqj1 Lq
wkh dsshqgl{ zh vkrz wkdw wkh lqwxlwlrq iru rxu uhvxowv lq wklv vlpsol￿hg vhwwlqj fduulhv ryhu wr
dq hfrqrp| zlwk wudglqj dw pxowlsoh gdwhv1
Zh vwxg| d wzr0uhjlrq hqgrzphqw hfrqrp|1 Hqgrzphqwv duh vxemhfw wr vkrfnv1 Wkhuh duh
wzr vwdwhv ri qdwxuh1 Lq rqh ri wkh vwdwhv wkh hqgrzphqwv ri uhvlghqwv lq wkh ￿uvw uhjlrq uhfhlyh
d srvlwlyh pxowlsolfdwlyh vkrfn/ dqg wkh hqgrzphqwv ri uhvlghqwv lq wkh vhfrqg uhjlrq h{shulhqfh
d qhjdwlyh pxowlsolfdwlyh vkrfn1 Lq wkh rwkhu vwdwh wkh rssrvlwh kdsshqv1 Wkhuh lv qr djjuhjdwh
xqfhuwdlqw|1 Sulru wr wudglqj wdnlqj sodfh/ ￿vfdo srolf| lv lqghshqghqwo| vhw lq hdfk uhjlrq e|
pdmrulw| yrwlqj1 Hdfk uhjlrq*v ￿vfdo srolf| vshfl￿hv d sursruwlrqdo wd{ udwh iru hdfk vwdwh ri
qdwxuh1 Wd{ uhyhqxh lv xvhg wr ￿qdqfh orfdo sxeolf vshqglqj1 Rqfh ￿vfdo srolflhv kdyh ehhq
vshfl￿hg/ djhqwv vkduh ulvn e| wudglqj vhfxulwlhv lq frpsohwh pdunhwv1 Diwhu revhuylqj wkh vkrfn/
vhfxulwlhv duh uhghhphg/ dqg djhqwv frqvxph1
Wkh pdlq uhvxow lv wkdw ghfhqwudol}hg hqgrjhqrxv ￿vfdo srolf| glvwruwv sulydwh ulvn vkdulqj1
Vlqfh wd{ udwhv duh vhw ehiruh djhqwv wudgh lq vhfxulw| pdunhwv/ wkh| fdq eh xvhg wr d￿hfw vhfxulw|
sulfhv/ dq lqfhqwlyh zh uhihu wr dv wkh pdqlsxodwlrq prwlyh1 Lq sduwlfxodu/ vhwwlqj d kljk +orz,
ohyho ri ￿vfdo vshqglqj lq d jlyhq vwdwh ghfuhdvhv +lqfuhdvhv, wkh qhw vxsso| ri vhfxulwlhv pdnlqj
d sd|phqw lq wkdw vwdwh1 Wklv doorzv uhjlrqv wr glvwruw ￿vfdo vshqglqj lq rughu wr lpsuryh wkhlu
whupv ri wudgh lq vhfxulwlhv1 Dv d uhvxow/ zh jhw lqfrpsohwh ulvn vkdulqj/ ghvslwh wkh h{lvwhqfh ri
frpsohwh pdunhwv dqg wkh devhqfh ri djjuhjdwh ulvn1
Wklv ohdgv wr d vhfrqguhvxow= ihghudo ￿vfdo srolf| pd| surylgh d vroxwlrq wr wkh ￿vfdo h{whuqdolw|
sureohp fuhdwhg e| vwudwhjlf wd{ vhwwlqj lq d ghfhqwudol}hg v|vwhp1 Zkhq uhjlrqv irup d ￿vfdo
xqlrq/ wkh devhqfh ri djjuhjdwh xqfhuwdlqw| lpsolhv wkhuh lv rqo| rqh vwdwh ri qdwxuh dw wkh ihghudo
6ohyho1 Lw wkhuhiruh vhhpv vhqvleoh wr dvvxph wkhuh wr eh rqo| rqh wd{ udwh/ uhjdugohvv ri zklfk uhjlrq
uhfhlyhv wkh srvlwlyh vkrfn1 Wklv holplqdwhv wkh srvvlelolw| ri pdqlsxodwlqj vhfxulw| sulfhv yld ￿vfdo
srolf|/ vr wkdw zh uhwxuq wr frpsohwh ulvn vkdulqj1 Wklv vxjjhvwv wkdw li uhjlrqv duh idluo| vlplodu/
wkh phgldq lqfrph uhvlghqwv lq erwk uhjlrqv suhihu wkh ￿vfdo xqlrq wr wkh ghfhqwudol}hg v|vwhp=
wkh| ehqh￿w iurp ixoo lqvxudqfh/ zkloh lqwhu0uhjlrqdo qhw wudqvihuv uhpdlq olplwhg1 Krzhyhu/ li
uhjlrqv duh uhodwlyho| gl￿huhqw/ wkh phgldq lqfrph uhvlghqw lq wkh uhjlrq zklfk h{shulhqfhv wkh
srvlwlyh vkrfn zlwk kljkhu suredelolw| lv olnho| wr suhihu wkh ghfhqwudol}hg v|vwhp= wkh ehqh￿wv
iurp lqfuhdvhg ulvn vkdulqj lq wkh ￿vfdo xqlrq gr qrw frpshqvdwh iru wkh kljkhu qhw wudqvihuv wr
wkh rwkhu uhjlrq dqg iru wkh frvw ri d ohvv suhihuuhg wd{ udwh1
Dqrwkhu zd| ri jhwwlqj ulg ri glvwruwlrqv lq rxu vlpsoh iudphzrun zrxog eh wr vhw srolf|
diwhu wudglqj1 Krzhyhu/ uhyhuvlqj wkh wlplqj zrxog eh ri qr dydlo lq d pxowlshulrg hfrqrp| zlwk
vhtxhqwldo wudglqj1 Wr vhh wklv/ frqvlghu d g|qdplf hfrqrp| zlwk wkh wlplqj uhyhuvhg= ￿vfdo srolf|
lv vhw diwhu djhqwv wudgh ulvn1 Lq hdfk shulrg wkhuh duh wzr vwdwhv ri qdwxuh/ dqg wzr vhfxulwlhv/
vr wkdw pdunhwv duh vhtxhqwldoo| frpsohwh1 Dw wkh ehjlqqlqj ri hdfk shulrg/ djhqwv vkduh ulvn e|
wudglqj vhfxulwlhv1 Vxevhtxhqwo| wd{ udwhv duh vhw1 Lq vslwh ri wkh uhyhuvh wlplqj/ wkh pdqlsxodwlrq
prwlyh vxuylyhv lq wklv pxowlshulrg vhwwlqj1 Hyhq wkrxjk ￿vfdo srolf| lq dq| jlyhq shulrg lv
xqdeoh wr d￿hfw wkh whupv ri wudgh iru wkdw vdph shulrg/ lw kdv dq lpsdfw rq lqglylgxdo vdylqjv
ghflvlrq dqg fdq wkhuhiruh glvwruw wkh ixwxuh whupv ri wudgh lq vhfxulw| pdunhwv1 Frqvhtxhqwo|/
wkh glvwruwlrqv lq dq hfrqrp| zlwk vhtxhqwldoo| frpsohwh pdunhwv kdyh qrwklqj wr gr zlwk wkh
h{dfw wlplqj ri ￿vfdo srolf|1 Wkh wlplqj ri rxu vlpsoh prgho lv wkhuhiruh qrwklqj pruh wkdq d
frqyhqlhqw zd| ri looxvwudwlqj d pruh jhqhudo h￿hfw lq d pxowlshulrg hfrqrp|1
Dv phqwlrqhg lq wkh ehjlqqlqj/ wklv sdshu lv uhodwhg wr wkh olwhudwxuh rq vhtxhqwldo wudglqj1
Lq wkh devhqfh ri srolf| glvwruwlrqv/ wkh htxloleulxp doorfdwlrqv lq hfrqrplhv zlwk vhtxhqwldoo|
frpsohwh pdunhwv frlqflgh zlwk wkrvh lq Duurz0Gheuhx hfrqrplhv/ lq zklfk doo lqglylgxdo ulvn lv
wudghg dzd| xsiurqw wkurxjk d frpsohwh vhw ri gdwhg dqg vwdwh0frqwlqjhqw vhfxulwlhv1 Zh pdnh
wkh srlqw wkdw wklv lv qr orqjhu wkh fdvh rqfh zh lqwurgxfh hqgrjhqrxv srolf| vhwwlqj1
Ehfdxvh ri lwv irfxv rq lqwhuuhjlrqdo ulvn vkdulqj/ rxu sdshu dovr frqqhfwv zlwk wkh h{lvwlqj
zrun rq ￿vfdo wudqvihuv ehwzhhq uhjlrqv1 Vxfk wudqvihuv kdyh w|slfdoo| ehhq mxvwl￿hg dv d ulvn vkdu0
lqj ghylfh djdlqvw dv|pphwulf vkrfnv zkhq sulydwh fdslwdo pdunhwv duh lqh{lvwhqw ru lqfrpsohwh
+Shuvvrq dqg Wdehoolql/ 4<<9d> Dohvlqd dqg Shurwwl/ 4<<8,1 E| dvvxplqj vhtxhqwldoo| frpsohwh
pdunhwv/ rqh pljkw h{shfw ￿vfdo srolf| wr ehfrph ixoo| ghfhqwudol}hg1 Vlqfh frpsohwh ulvn vkdulqj
frxog eh hqvxuhg wkurxjk sulydwh fdslwdo pdunhwv/ wkhuh zrxog lq sulqflsoh eh qr qhhg iru lqwhuuh0
jlrqdo wudqvihuv1 Krzhyhu/ zh vkrz wkdw ghfhqwudol}hg ￿vfdo srolf| glvwruwv h!flhqw ulvn vkdulqj1
Dv d uhvxow/ vhtxhqwldoo| frpsohwh pdunhwv qhhg qrw lpso| frpsohwh ulvn vkdulqj/ qru qhhg wkh|
pdnh ￿vfdo xqlrqv uhgxqgdqw1
7Wkh xvh ri ￿vfdo srolf| wr pdqlsxodwh wkh whupv ri wudgh lv wkh wrslf ri d odujhu olwhudwxuh
+vhh Shuvvrq dqg Wdehoolql/ 4<<8/ iru d vxuyh|,1 Wkh prvw forvho| uhodwhg sdshu lv Ghyhuhx{ dqg
Ohh +4<<<, zkr/ frqwudu| wr rxu uhvxowv/ ￿qg wkdw lqwhuqdwlrqdo ￿qdqfldo pdunhwv zhdnhq wkh
lqfhqwlyh wr glvwruw wkh uhodwlyh sulfh ri h{sruwdeohv1 Wkh fuxfldo dvvxpswlrq lq wkhlu prgho lv
wkdw wdul￿v duh vhw diwhu djhqwv wudgh lq ￿qdqfldo pdunhwv1 Ilqdqfldo frqwudfwv duh zulwwhq lq
whupv ri frpprglwlhv1 Wklv lpsolhv wkdw dw wkh wlph wdul￿v duh vhw/ djhqwv kdyh qrw rqo| khgjhg
ulvn/ wkh| kdyh dovr h{kdxvwhg doo jdlqv iurp frpprglw| wudgh1 Dv d uhvxow/ wdul￿v duh uhqghuhg
lqh￿hfwlyh dv d pdqlsxodwlrq ghylfh1 Lq frqwudvw/ lq rxu prgho ￿vfdo srolf| lv vhw ehiruh vhfxulw|
wudglqj/ jlylqj ulvh wr pdqlsxodwlrq1 Krzhyhu/ uhyhuvlqj wkh vhtxhqflqj lv qrw wkh rqo| uhdvrq iru
uhyhuvlqj wkh uhvxowv ri Ghyhuhx{ dqg Ohh +4<<<,1 Dv vxjjhvwhg ehiruh/ wkh glvwruwlrqdu| h￿hfw ri
ghfhqwudol}hg ￿vfdo srolf| jrhv wkurxjk lq pxowlshulrg hfrqrplhv/ uhjdugohvv ri wkh vhtxhqflqj14
Ghvslwh wkh gl￿huhqfh lq dssurdfk/ rxu ￿qglqjv duh dovr uhplqlvfhqw ri wkh zrun e| Shuvvrq dqg
Wdehoolql +4<<9e, rq ulvn vkdulqj dqg prudo kd}dug1 Wkh| vkrz krz ghfhqwudol}hg srolflhv ohdg
wr lqh!flhqw lqwhuuhjlrqdo ulvn vkdulqj/ ehfdxvh orfdo jryhuqphqwv xqghulqyhvw lq ulvn uhgxflqj
srolflhv diwhu d ihghudo ulvn0vkdulqj djuhhphqw kdv ehhq vljqhg1 Devwudfwlqj iurp wkh h￿hfw ri
uhjlrqdo srolflhv rq ulvn/ rxu sdshu lqvwhdg dvvxphv wkdw lqwhuuhjlrqdo ulvn vkdulqj wdnhv sodfh
wkurxjk frpshwlwlyh sulydwh pdunhwv1 Lq vxfk d vhwwlqj ghfhqwudol}hg ￿vfdo srolflhv fdq rqo| d￿hfw
ulvn vkdulqj li vhw ehiruh sulydwh ulvn0vkdulqj duudqjhphqwv wdnh sodfh lq vhfxulwlhv pdunhwv1
Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 lqwurgxfhv wkh prgho1 Vhfwlrq 6
dqdo|}hv wkh htxloleulxp iru wkh ghfhqwudol}hg fdvh1 Vhfwlrq 7 frqvlghuv wkh fdvh ri d ￿vfdo xqlrq
dqg frpsduhv lw wr wkh ghfhqwudol}hg fdvh1 Vhfwlrq 8 vxppdul}hv dqg frqfoxghv1 Dsshqgl{ D
h{whqgv rxu prgho wr d wzr0shulrg vhwwlqj dqg Dsshqgl{ E surylghv wkh surriv ri doo sursrvlwlrqv1
5 Vhwxs ri wkh Prgho
Frqvlghu wzr uhjlrqv/ Zhvw dqg Hdvw1 Zh zloo pdlqo| irfxv rq wkh Zhvw/ dqg zh zloo ghqrwh
yduldeohv uhihuulqj wr wkh Hdvw e| dq dvwhulvn +￿-￿,1 Hdfk uhjlrq kdv d xqlw pdvv ri khwhurjhqhrxv
lqglylgxdov/ zkrvh w|shv | duh glvwulexwhg dffruglqj wr wkh vdph fxpxodwlyh glvwulexwlrq ixqfwlrq
J+|, zlwk phdq | dqg phgldq |615
Wkhuh lv qr djjuhjdwh ulvn dw wkh ihghudo ohyho/ wkrxjk hdfk uhjlrq lv vxemhfw wr shuihfwo|
qhjdwlyho| fruuhodwhg vkrfnv1 Wklv jlyhv xv wzr vwdwhv ri qdwxuh zklfk zh odeho zlwk uhvshfw wr
wkh Zhvw= li wkh Zhvw h{shulhqfhv d srvlwlyh vkrfn dqg wkh Hdvw lv klw e| d qhjdwlyh vkrfn/ zh duh
lq wkh jrrg vwdwh +v @ ￿,> li/ lqvwhdg/ wkh Zhvw uhfhlyhv d qhjdwlyh vkrfn dqg wkh Hdvw d srvlwlyh
4Dowkrxjk Ghyhuhx{ dqg Ohh +4<<<, dovr h{whqg wkhlu prgho wr wkh lq￿qlwh krul}rq fdvh/ wkh| gr qrw doorz iru
eruurzlqj ru vdylqj dfurvv shulrgv/ vr wkdw wkhuh lv qr olqn ehwzhhq gl￿huhqw shulrgv1
5Zh dvvxph wkh vdph glvwulexwlrq ri w|sh iru wkh wzr uhjlrqv rqo| wr vlpsoli| qrwdwlrq exw doo rxu uhvxowv duh
ydolg zlwk gl￿huhqw w|sh glvwulexwlrqv1
8vkrfn/ zh duh lq wkh edg vwdwh +v @ ￿,1 Wkh suredelolw| ri wkh jrrg vwdwh lv ghqrwhg e| ￿1I r u
qrwdwlrqdo frqyhqlhqfh/ yduldeohv duh lqgh{hg e| ￿ ru ￿/ ghshqglqj rq zklfk vwdwh wkh| uhihu wr1
Dq lqglylgxdo iurp wkh Zhvw zlwk w|sh | kdv hqgrzphqw |+4.%, lq wkh jrrg vwdwh dqg
hqgrzphqw |+4 ￿%, lq wkh edg vwdwh/ zlwk % 5 +3>4,1 Vlploduo|/ dq lqglylgxdo iurp wkh Hdvw zlwk
w|sh | kdv hqgrzphqw |+4￿ %, lq wkh jrrg vwdwh dqg hqgrzphqw |+4.%, lq wkh edg vwdwh1 Wklv
vwrfkdvwlf vwuxfwxuh surylghv d vlpsoh iudphzrun wr vwxg| ulvn vkdulqj ehwzhhq uhjlrqv1 Dvvxplqj
ohvv0wkdq0shuihfw srvlwlyh fruuhodwlrq zlwklq uhjlrqv ru ohvv0wkdq0shuihfw qhjdwlyh fruuhodwlrq dfurvv
uhjlrqv zrxog frpsolfdwh wkh dojheud zlwkrxw ohdglqj wr txdolwdwlyho| gl￿huhqw uhvxowv1
Wkhuh lv rqo| rqh frpprglw| wkdw fdq hlwkhu eh frqvxphg ru wudqviruphg lqwr d sxeolfo|
surylghg jrrg dw d frqvwdqw pdujlqdo frvw ri 4 +lq whupv ri wkh frpprglw|,1 Ilvfdo srolf| lv
qrqglvfulplqdwru|= sxeolfo| surylghg jrrgv duh frqvxphg lq htxdo txdqwlwlhv e| doo lqglylgxdov
ri d vdph uhjlrq1
Zh dvvxph wkh xwlolw| ixqfwlrq lv vhsdudeoh lq sulydwh frqvxpswlrq f dqg sxeolf frqvxpswlrq
j=
X +f>j, @ Y +f, .Z +j,
Zh pdnh wkh iroorzlqj dgglwlrqdo dvvxpswlrqv rq suhihuhqfhv=
Dvvxpswlrq 4 41 Y +=, lv wzlfh frqwlqxrxvo| gl￿huhqwldeoh/ lw lv krprjhqhrxv dqg
Y ￿ +=, A 3>Y￿￿+=, ? 3=
51 Z +=, lv wzlfh frqwlqxrxvo| gl￿huhqwldeoh dqg
Z￿ +=, A 3>Z￿￿+=, ? 3=
Wkh vwulfw lqhtxdolwlhv rq Y ￿￿ +=, dqg Z￿￿+=, uh hfw dyhuvlrq wr sulydwh dqg sxeolf frqvxpswlrq
ulvn1 Wkh vhsdudelolw| ri wkh xwlolw| ixqfwlrq lpsolhv wkdw wkh pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq
sulydwh frqvxpswlrq lq gl￿huhqw vwdwhv ri qdwxuh lv lqghshqghqw ri jryhuqphqw frqvxpswlrq/ vr
wkdw h!flhqw ulvn vkdulqj ohdgv wr sulydwh frqvxpswlrq ehlqj frqvwdqw dfurvv vwdwhv zkhqhyhu wkhuh
lv qr djjuhjdwh xqfhuwdlqw| lq glvsrvdeoh lqfrph1 Pruhryhu/ wkh krprjhqhlw| ri Y +=,/ wrjhwkhu
zlwk wkh vhsdudelolw| ri X +=,/ lpsolhv wkdw dq htxloleulxp h{lvwv ghvslwh wkh pxowlglphqvlrqdolw|
ri ￿vfdo srolflhv1
Wr lqvxuh wkhpvhoyhv djdlqvw uhjlrqdo vkrfnv/ lqglylgxdov wudgh lq ￿hohphqwdu| vhfxulwlhv/￿ hdfk
sd|lqj rqh xqlw ri hqgrzphqw lq rqh vwdwh ri qdwxuh/ dqg }hur lq wkh rwkhu +Duurz/ 4<97,1 Zh
dvvxph wkdw dq hohphqwdu| vhfxulw| h{lvwv iru hdfk ri wkh wzr vwdwhv ri qdwxuh/ vr wkdw pdunhwv
duh frpsohwh1 Iurp qrz rq/ zh zloo uhihu wr wkh hohphqwdu| vhfxulw| pdnlqj d xqlw sd|phqw lq
vwdwh v dv vhfxulw| v1
9Jryhuqphqw vshqglqj lv ghflghg xqghu pdmrulw| uxoh dqg lv ￿qdqfhg wkurxjk sursruwlrqdo
wd{dwlrq1 Vlqfh zh rqo| frqvlghu rqh shulrg/ jryhuqphqwv pdlqwdlq edodqfhg exgjhwv1 Wr nhhs wkh
dojheud wudfwdeoh/ zh wdnh wkh wd{ edvh wr eh wkh hqgrzphqw jurvv ri wkh sd|phqwv ri vhfxulwlhv>
lq rwkhu zrugv/ jdlqv ru orvvhv ghulylqj iurp vhfxulw| wudghv duh wd{ h{hpsw16 Qrwh wkdw wkh
txdolwdwlyh uhvxowv zrxog qrw fkdqjh li wkh wd{ edvh zhuh wr eh qhw/ udwkhu wkdq jurvv/ hqgrzphqw17
Rxu dlp lv wr vwxg| krz ghfhqwudol}hg ￿vfdo srolf| glvwruwv ulvn vkdulqj1 Lq sduwlfxodu/ li ￿vfdo
srolf| lv vhw dw d wlph zkhq djhqwv fdq vwloo jdlq iurp vkdulqj ulvn/ lw fdq eh xvhg wr pdqlsxodwh
vhfxulw| sulfhv/ fdxvlqj lqfrpsohwh ulvn vkdulqj1 Lq rxu vlpsoh prgho zh duh wkhuhiruh lqwhuhvwhg lq
wkh iroorzlqj wlplqj ri hyhqwv= ￿vfdo srolf| lv ghflghg xqghu pdmrulw| uxoh ehiruh lqglylgxdov wudgh
lq hohphqwdu| vhfxulwlhv1 Wr kljkoljkw wkh glvwruwlrqv/ zh frpsduh rxu uhvxowv wr d ehqfkpdun
fdvh/ lq zklfk ￿vfdo srolf| lv vhw diwhu djhqwv wudgh lq vhfxulwlhv1 Xqghu wklv dowhuqdwlyh wlplqj/
wkh pdqlsxodwlrq prwlyh glvdsshduv/ dqg zh jhw frpsohwh ulvn vkdulqj1
Zkloh wklv vhhpv wr vxjjhvw wkdw uhyhuvlqj wkh wlplqj vroyhv wkh sureohp/ wklv lv rqo| wuxh
lq wkh vlpsol￿hg hqylurqphqw zh irfxv rq1 Lq d pxowlshulrg hfrqrp| zklfk uhtxluhv wudglqj
dw pxowlsoh gdwhv/ glvwruwlrqv dulvh dv orqj dv ￿vfdo srolf| lv vhw ehiruh vrph wudglqj gdwh1 Lq
Dsshqgl{ D zh sursrvh d wzr0shulrg prgho zkhuh djhqwv wudgh vhfxulwlhv dw wkh ehjlqqlqj ri
hdfk shulrg/ dqg ￿vfdo srolf| lv vhw diwhu wudglqj1 Dv douhdg| h{sodlqhg lq wkh lqwurgxfwlrq/ wkh
pdqlsxodwlrq prwlyh vxuylyhv1 Dowkrxjk srolf| lq shulrg 4 lv xqdeoh wr d￿hfw vhfxulw| sulfhv lq
shulrg 4/ lw fdq vwloo d￿hfw ￿ dqg glvwruw ￿ vhfxulw| wudglqj lq shulrg 51
Qrwh wkdw zh gh￿qh frpsohwh ulvn vkdulqj dv d vlwxdwlrq lq zklfk ulvn lq erwk sulydwh dqg
sxeolf frqvxpswlrq lv h!flhqwo| vkduhg1 Vlqfh lqglylgxdov fdq khgjh ulvn e| wudglqj lq vhfxulw|
pdunhwv/ ulvn lq glvsrvdeoh lqfrph lv dozd|v h!flhqwo| vkduhg1 Krzhyhu/ iru ulvn vkdulqj wr eh
frpsohwh/ ulvn lq jryhuqphqw vshqglqj pxvw dovr eh vkduhg h!flhqwo|1 Jlyhq wkdw djjuhjdwh
hqgrzphqw lv frqvwdqw dfurvv vwdwhv/ frpsohwh ulvn vkdulqj wkhuhiruh uhtxluhv erwk sulydwh dqg
sxeolf frqvxpswlrq wr eh frqvwdqw dfurvv vwdwhv1
6 Ulvn Vkdulqj zlwk Ghfhqwudol}hg Ilvfdo Srolf|
Lq wklv vhfwlrq wkhuh lv qr ihghudo jryhuqphqw= ￿vfdo srolflhv duh vhw dw wkh uhjlrqdo ohyho dqg
lpsohphqwhg e| uhjlrqdo jryhuqphqwv1 Vlqfh frqvwudlqlqj wkh wd{ udwh wr eh frqvwdqw dfurvv
vwdwhv ri qdwxuh zrxog lqwurgxfh dq lqh!flhqf| e| kdpshulqj ulvn vkdulqj/ zh doorz wd{ udwhv wr
eh frqwlqjhqw rq wkh vwdwh ri qdwxuh1 Wklv lpsolhv wkdw ￿vfdo srolf| lq hdfk uhjlrq lv gh￿qhg e|
6Wklv vrphzkdw h{wuhph dvvxpswlrq frxog eh mxvwl￿hg e| wkh revhuydwlrq wkdw fdslwdo jdlqv lq prvw frxqwulhv
duh wd{hg dw d orzhu udwh wkdq rwkhu irupv ri lqfrph1 Pruhryhu/ lw lv zhoo nqrzq wkdw wkh h￿hfwlyh wd{ udwh rq
fdslwdo jdlqv lv lq idfw orzhu wkdq wkh r!fldo rqh/ ehfdxvh wd{hv duh sdlg xsrq wkh uhdol}dwlrq ri jdlqv/ udwkhu wkdq
dffuxdo1 Vhh/ h1j1/ Dwnlqvrq dqg Vwljolw} +4<;:/ sdjh 449,1
7Uhvxowv iru wklv fdvh duh dydlodeoh iurp wkh dxwkruv xsrq uhtxhvw1
:wzr wd{ udwhv= rqh iru wkh jrrg vwdwh/ dqg dqrwkhu iru wkh edg vwdwh1
Zh gh￿qh wkh ulvn vkdulqj jdph dv wkh jdph zkhuh lqglylgxdov wudgh vhfxulwlhv dqg wkh srolf|
jdph dv wkh jdph lq zklfk ￿vfdo srolflhv duh vhw xqghu pdmrulw| uxoh1 Dv phqwlrqhg ehiruh/ zh
zloo frqvlghu wzr wlplqjv=
￿ Wkh pdqlsxodwlrq jdph= wkh srolf| jdph wdnhv sodfh ehiruh wkh ulvn vkdulqj jdph1
￿ Wkh ehqfkpdun jdph= wkh srolf| jdph wdnhv sodfh diwhu wkh ulvn vkdulqj jdph1
Jlyhq wkdw zh zloo eh lqwhuhvwhg lq fkdudfwhul}lqj vxejdph shuihfw Qdvk htxloleuld ri wkhvh
jdphv/ wkh qh{w wzr vxevhfwlrqv zloo gh￿qh dqg fkdudfwhul}h wkh htxloleulxp ri wkh ulvn vkdulqj
jdph +vxevhfwlrq 614, dqg wkh srolf| jdph +vxevhfwlrq 615,1 Wkhvh uhvxowv duh wkhq xvhg wr dqdo|}h
wkh htxloleuld ri wkh ehqfkpdun jdph +vxevhfwlrq 616, dqg wkh pdqlsxodwlrq jdph +vxevhfwlrq 617,1
Wr looxvwudwh wkh pdlq uhvxowv/ zh hqg e| jlylqj d qxphulfdo h{dpsoh +vxevhfwlrq 618,1
614 Wkh Ulvn Vkdulqj Jdph= Vhfxulw| Pdunhwv Htxloleulxp
Ghilqlwlrq 4 Dq htxloleulxp ri wkh ulvn vkdulqj jdph lv d vhfxulw| pdunhwv htxloleulxp iru d







Wklv gh￿qlwlrq dssolhv wr erwk wkh pdqlsxodwlrq dqg wkh ehqfkpdun jdph/ zlwk wkh rqo|
gl￿huhqfh wkdw ￿vfdo srolflhv duh hlwkhu revhuyhgru h{shfwhg1 Pruh vshfl￿fdoo|/ lq wkh pdqlsxodwlrq
jdph djhqwv revhuyh wkh wd{ udwhv wkdw kdyh ehhq fkrvhq lq wkh srolf| jdph ehiruh wudglqj1 Lq
frqwudvw/ lq wkh ehqfkpdun jdph sulfh0wdnlqj djhqwv kdyh jlyhq h{shfwdwlrqv ryhu wkh wd{ udwhv
wkdw zloo eh vhw lq wkh vxevhtxhqw srolf| jdph/ dqg shufhlyh wkdw wkhlu wudglqj vwudwhjlhv kdyh qr
lpsdfw rq wkrvh h{shfwdwlrqv1
Vlqfh dq htxloleulxp ri wkh ulvn vkdulqj jdph lv gh￿qhg dv d vhfxulw| pdunhwv htxloleulxp/
zh qrz wxuq wr dqdo|}lqj vhfxulw| pdunhwv1 Htxloleuld lq vhfxulw| pdunhwv duh ghwhuplqhg e|
lqglylgxdo rswlpdolw| dqg pdunhw fohdulqj frqglwlrqv/ jlyhq d sdlu ri vwdwh frqwlqjhqw wd{ udwhv
iru hdfk uhjlrq1 Ohw f￿ dqg fq ghqrwh sulydwh frqvxpswlrq lq wkh jrrg dqg wkh edg vwdwh/ dqg ohw
{￿ dqg {q uhsuhvhqw qhw ghpdqgv ri vhfxulwlhv ￿ dqg ￿1 Ixuwkhupruh/ ohw S￿ dqg Sq ghqrwh wkh
sulfhv ri wkh vhfxulwlhv/ dqg fdoo S @ Sq@S￿ wkh uhodwlyh sulfh ri vhfxulw| ￿1 Zh fdq qrz zulwh
grzq wkh rswlpl}dwlrq sureohp ri dq lqglylgxdo iurp Zhvw zlwk w|sh |=
pd{
S￿cSqc%￿c%q
￿^Y+f￿, .Z+j￿,‘.+4 ￿ ￿,^Y +fq, .Z+jq,‘ +4,
v1w1 {￿ . S{q ￿ 3
f￿ ￿ |+4.%,+4 ￿w￿, .{￿
fq ￿ |+4 ￿%,+4 ￿ wq,. {q
;E| Dvvxpswlrq 4 wkh vroxwlrq wr wkh suhylrxv sureohp vdwlv￿hv wkh frqvwudlqwv zlwk htxdolw|




Vlploduo|/ wkh vroxwlrq wr wkh pd{lpl}dwlrq sureohp ri dq lqglylgxdo iurp wkh Hdvw zlwk w|sh |
































Jlyhq wkdw Dvvxpswlrq 4 lpsolhv wkdw suhihuhqfhv ryhu orwwhulhv ri sulydwh frqvxpswlrq duh
frqwlqxrxv/ vwulfwo| frqyh{/ vwurqjo| prqrwrqh/ dqg krprwkhwlf/ wkhuh h{lvwv d xqltxh vhfxulw|
pdunhwv htxloleulxp ￿ dqg wkxv d xqltxh htxloleulxp ri wkh ulvn vkdulqj jdph1 Ixuwkhu qrwh wkdw
vlqfh pdunhwv duh frpsohwh/ wkdw htxloleulxp dozd|v ohdgv wr h!flhqw ulvn vkdulqj ri glvsrvdeoh
lqfrph1
615 Wkh Srolf| Jdph
Wkh htxloleulxp ri wkh srolf| jdph ghshqgv rq zkhwkhu wd{hv duh vhw ehiruh ru diwhu vhfxulw|
wudglqj=
Ghilqlwlrq 5 41 Lq wkh pdqlsxodwlrq jdph/ zlwk wd{hv vhw ehiruh vhfxulw| wudglqj/ dq htxlole0
ulxp ri wkh srolf| jdph lv d yhfwru ri ￿vfdo srolflhv iru wkh Zhvw dqg wkh Hdvw vxfk wkdw/
jlyhq wkh srolf| ri wkh rwkhu uhjlrq/ qhlwkhu fdq eh ehdwhq e| dq| rwkhu ￿vfdo srolf| xqghu
pdmrulw| uxoh/ zkhq frqwlqxdwlrq sod| lv gh￿qhg e| wkh htxloleulxp ri wkh ulvn vkdulqj jdph1
51 Lq wkh ehqfkpdun jdph/ zlwk wd{hv vhw diwhu vhfxulw| wudglqj/ dq htxloleulxp ri wkh srolf|
jdph iru jlyhq wudghv lq wkh ulvn vkdulqj jdph lv d yhfwru ri ￿vfdo srolflhv iru wkh Zhvw dqg
wkh Hdvw vxfk wkdw/ jlyhq wkh srolf| ri wkh rwkhu uhjlrq/ qhlwkhu fdq eh ehdwhq e| dq| rwkhu
￿vfdo srolf| xqghu pdmrulw| uxoh1
8Qrwlfh lq sduwlfxodu wkdw Dvvxpswlrq 4 jxdudqwhhv wkdw wkh vhfrqg rughu frqglwlrq lv vdwlv￿hg dqg wkdw wkh
pd{lpxp h{lvwv dqg lv lqwhulru1
<Frqvlghu dq lqglylgxdo iurp wkh Zhvw zlwk w|sh | dqg zlwk ghpdqgv +{￿>{ q,1 Ghshqglqj rq
zkhwkhu zh duh lq wkh pdqlsxodwlrq ru wkh ehqfkpdun jdph/ wkhvh ghpdqgv vkrxog eh lqwhusuhwhg
dv h{shfwhg ru revhuyhg1 Jlyhq wkh wd{ edvh lv hqgrzphqw jurvv ri wkh sd|phqwv ri vhfxulwlhv/
wkh lqglylgxdo*v suhihuuhg wd{ udwhv +w￿>w q, zloo eh jlyhq e| wkh vroxwlrq wr wkh iroorzlqj sureohp=
pd{
|￿c|q
￿^Y +|+4.%,+4 ￿w￿, .{￿, .Z +j￿,‘.+4 ￿ ￿,^Y +|+4 ￿%,+4￿ wq, .{q,. Z +jq,‘
v1w1 j￿ @ |+4.%,w￿ dqg jq @ |+4 ￿ %,wq +8,
zkhuh |+4.%, dqg |+4 ￿ %, duh wkh djjuhjdwh hqgrzphqwv lq vwdwh ￿ dqg ￿1
Wkh iroorzlqj Ohppd vwdwhv wkdw erwk lq wkh ehqfkpdun dqg wkh pdqlsxodwlrq jdph lw vx!fhv
wr frqvlghu wkh suhihuuhg wd{ udwhv ri wkh phgldq w|sh1 Wr vhh wklv/ qrwh wkdw wkh rqo| vrxufh
ri khwhurjhqhlw| dprqj uhvlghqwv ri d uhjlrq lv wkhlu w|sh |1 Pruhryhu/ wkh krprjhqhlw| ri
Y +=, lpsolhv wkdw | hqwhuv olqhduo| lq lqglylgxdo h{shfwhg xwlolwlhv1 Wklv phdqv wkdw lqglylgxdov*
suhihuhqfhv lq wkh elglphqvlrqdo srolf| vsdfh ￿ wzr gl￿huhqw wd{ udwhv ￿ fdq eh pdsshg lqwr d
rqh0glphqvlrqdo sdudphwhu vsdfh/ vr wkdw wkh phgldq yrwhu wkhruhp fdq eh dssolhg19 Wklv lq wxuq
lpsolhv wkdw htxloleulxp wd{ udwhv fdq eh ghulyhg e| pd{lpl}lqj wkh h{shfwhg xwlolw| ixqfwlrqv ri
wkh lqglylgxdov zlwk wkh phgldq w|shv ri wkh wzr uhjlrqv1
Ohppd 4 Xqghu Dvvxpswlrq 4 lq erwk wkh pdqlsxodwlrq dqg wkh ehqfkpdun jdph wkh htxloleulxp
ri wkh srolf| jdph lv jlyhq e| wkh wd{ sdluv suhihuuhg e| wkh lqglylgxdov zlwk phgldq w|shv lq hdfk
uhjlrq1
Surri1 Vhh Dsshqgl{ E141
616 Wkh Ehqfkpdun Jdph= Frpsohwh Ulvn Vkdulqj
Zh duh qrz uhdg| wr orrn dw krz wkh wlplqj pdwwhuv lq rxu vlpsoh prgho1 Zh vwduw zlwk wkh
ehqfkpdun jdph/ zkhuh wd{ udwhv duh ghflghg diwhu wudglqj lq vhfxulw| pdunhwv1
Ghilqlwlrq 6 Dq htxloleulxp ri wkh ehqfkpdun jdph lv jlyhq e| wd{ udwhv/ sulfhv/ dqg doorfdwlrqv
ri wkh sdwk ri d vxejdph shuihfw Qdvk htxloleulxp ri wkh ehqfkpdun jdph1
Li ￿vfdo srolf| lv vhw diwhu lqglylgxdov kdyh h{kdxvwhg wkh jdlqv iurp ulvn vkdulqj e| wudglqj
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9Lq wklv fdvh srolf| suhihuhqfhv ehorqj wr wkh fodvv ri ￿lqwhuphgldwh suhihuhqfhv1￿ Fi1 Judqgprqw +4<:;,1
:Qrwlfh wkdw diwhu wudglqj kdv wdnhq sodfh wkh suhihuuhg ￿vfdo srolf| ri dq| lqglylgxdo lv lqghshqghqw ri wkh ￿vfdo













43zkhuh {￿ dqg {q frph iurp +5, dqg +6, dqg duh wdnhq dv jlyhq1 Vlplodu ￿uvw rughu frqglwlrqv
ghwhuplqh wkh htxloleulxp wd{ udwhv lq wkh Hdvw +e wW
￿>e wW
q,1
Dq htxloleulxp ri wkh ehqfkpdun jdph uhtxluhv wkdw wkh h{shfwhg wd{ udwhv xvhg wr ghwhuplqh
wkh ghpdqg iru vhfxulwlhv lq wkh ulvn vkdulqj jdph fruuhvsrqg wr wkh wd{ udwhv ghwhuplqhg lq wkh
vxevhtxhqw srolf| jdph1 Wkh iroorzlqj sursrvlwlrq vwdwhv wkdw wkhuh h{lvwv d xqltxh htxloleulxp
ri wkh ehqfkpdun jdph=
Sursrvlwlrq 4 Vxssrvh Dvvxpswlrq 4 lv vdwlv￿hg1 Wkhuh h{lvwv d xqltxh htxloleulxp ri wkh
ehqfkpdun jdph1 Wklv htxloleulxp lv fkdudfwhul}hg e|=
41 e S @ +4 ￿ ￿,@￿>
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Surri1 Vhh Dsshqgl{ E151
Wkh htxloleulxp frqglwlrqv lq Sursrvlwlrq 4 duh hdv| wr xqghuvwdqg1 Jlyhq wkdw ￿vfdo srolf| lv
vhw diwhu wudglqj/ lw fdqqrw d￿hfw wkh ghpdqg ixqfwlrqv iru vhfxulwlhv/ dqg wkhuhiruh wkh vhfxulwlhv
sulfhv1 Wkh devhqfh ri d pdqlsxodwlrq prwlyh dqg wkh shuihfwo| qhjdwlyho| fruuhodwhg uhjlrqdo
vkrfnv doorz djhqwv wr ixoo| lqvxuh erwk sulydwh dqg sxeolf frqvxpswlrq1 Wklv lpsolhv wkdw wkh
wd{ udwh ￿ exw qrw wkh wd{ uhyhqxh ￿ zloo eh kljkhu lq wkh edg vwdwh wkdq lq wkh jrrg vwdwh1 Dv d
￿qdo uhpdun/ qrwh wkdw zh zrxog jhw wkh vdph rxwfrph li lqglylgxdov zhuh wr yrwh rq jryhuqphqw
vshqglqj/ udwkhu wkdq rq wd{ udwhv1 Wr vhh wklv/ vlpso| uh0zulwh pd{lpl}dwlrq sureohp +8, lq
whupv ri jryhuqphqw vshqglqj1
617 Wkh Pdqlsxodwlrq Jdph= Lqfrpsohwh Ulvn Vkdulqj
Zh qrz wxuq rxu dwwhqwlrq wr wkh pdqlsxodwlrq jdph/ zkhuh djhqwv wudgh vhfxulwlhv diwhu wd{hv
duh vhw1
Ghilqlwlrq 7 Dq htxloleulxp ri wkh pdqlsxodwlrq jdph lv jlyhq e| wd{ udwhv/ sulfhv/ dqg doorfd0
wlrqv ri wkh sdwk ri d vxejdph shuihfw Qdvk htxloleulxp ri wkh pdqlsxodwlrq jdph1
Wr fkdudfwhul}h wkh htxloleuld ri wkh pdqlsxodwlrq jdph zh ￿uvw rewdlq wkh htxloleulxp gh0
pdqgv iru vhfxulwlhv iurp wkh ulvn vkdulqj jdph> wkrvh vhfxulw| ghpdqgv/ zklfk duh d ixqfwlrq
44ri wd{ udwhv/ duh wkhq vxevwlwxwhg lqwr wkh remhfwlyh ixqfwlrq ri wkh srolf| jdph1 Wklv phdqv
wkdw lq wkh srolf| jdph lqglylgxdo djhqwv uhfrjql}h wkh h￿hfw ri wd{hv rq vhfxulw| ghpdqgv dqg
sulfhv1 Lq sduwlfxodu/ wkh| xqghuvwdqg wkdw d uhjlrq*v wd{ srolf| fdq eh glvwruwhg lq dq dwwhpsw
wr pdqlsxodwh vhfxulw| sulfhv wr wkhlu uhjlrq*v ehqh￿w1
Wr vhh wklv/ frqvlghu wkh htxloleulxp ri wkh ulvn vkdulqj jdph iru d jlyhq yhfwru ri uhjlrqdo
￿vfdo srolflhv w @ +w￿>w q>w W
￿>w W
q,1; Ghqrwh wkh fruuhvsrqglqj htxloleulxp ghpdqgv lq Zhvw dqg
Hdvw iru vhfxulw| v e| h {r +w>|, dqg h {W
r +w>|,> olnhzlvh ghqrwh wkh htxloleulxp frqvxpswlrq lq vwdwh
v e| h fr +w>|, dqg h fW
r +w>|,1 Irfxvlqj rq wkh Zhvw dqg wdnlqj lqwr dffrxqw wkh pdqlsxodwlrq prwlyh/
wkh suhihuuhg wd{ udwhv ri wkh phgldq w|sh duh ghwhuplqhg e| wkh iroorzlqj ￿uvw rughu frqglwlrqv
ri pd{lpl}dwlrq sureohp +8,=
￿
k






￿￿Y ￿ +h f￿,
Ch {￿
Cw￿












￿￿Y ￿ +h f￿,
Ch {￿
Cwq










ghqrwh wkh htxloleulxp sulfh udwlr dv d ixqfwlrq ri wkh
vwdwh frqwlqjhqw wd{ udwhv1 Jlyhq wkdw
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Wkhvh frqglwlrqv wdnh lqwr dffrxqw wkh h￿hfw ri wd{ udwhv rq qhw ghpdqgv ri vhfxulwlhv ￿ dqg wkxv
rq htxloleulxp sulfhv1<
;Uhfdoo wkdw d xqltxh htxloleulxp ri wkh ulvn vkdulqj jdph h{lvwv1





H{suhvvlrqv +44, dqg +45, wkhuhiruh vlpsoli| wr +9, dqg +:,1
45Pruh vshfl￿fdoo|/ djhqwv suhihu d kljkhu sulfh ri wkh vhfxulw| sd|lqj d xqlw ri hqgrzphqw
zkhq wkhlu uhjlrq h{shulhqfhv d srvlwlyh vkrfn/ ehfdxvh lq htxloleulxp wkh| duh qhw vhoohuv ri wkhvh
vhfxulwlhv1 E| wkh vdph wrnhq/ djhqwv suhihu d orzhu sulfh ri wkh vhfxulw| fruuhvsrqglqj wr wkh
vwdwh lq zklfk wkhlu uhjlrq uhfhlyhv d qhjdwlyh vkrfn/ ehfdxvh lq htxloleulxp wkh| duh qhw ex|huv ri
wkhvh vhfxulwlhv1 Wkh| wkhuhiruh lq dwh wd{ udwhv ￿ dqg jryhuqphqw vshqglqj ￿ zkhqhyhu wkhlu
uhjlrq h{shulhqfhv d srvlwlyh vkrfn1 Wklv uhgxfhv wkh vxsso| ri vhfxulwlhv/ dqg sxvkhv xs wkhlu
sulfh1 Wkh| gr wkh rssrvlwh zkhqhyhu wkhlu uhjlrq lv klw e| d qhjdwlyh vkrfn= e| gh dwlqj wd{
udwhv ￿ dqg jryhuqphqw vshqglqj ￿ wkh ghpdqg iru vhfxulwlhv gursv/ orzhulqj wkhlu sulfh1 Dv
vwdwhg lq wkh iroorzlqj sursrvlwlrq/ wklv ohdgv wr sur0f|folfdo ￿vfdo vshqglqj dqg lqfrpsohwh ulvn
vkdulqj1
Sursrvlwlrq 5 Xqghu Dvvxpswlrq 4/ wkh htxloleulxp ri wkh pdqlsxodwlrq jdph kdv wkh iroorzlqj
surshuwlhv=
41 h j￿ A h jq
51 h jW
￿ ? h jW
q
61 Wkhuh lv lqfrpsohwh ulvn vkdulqj1
Surri1 Vhh Dsshqgl{ E161
Lq dgglwlrq wr jryhuqphqw vshqglqj ehfrplqj sur0f|folfdo/ xqghu fhuwdlq frqglwlrqv dyhudjh
jryhuqphqw vshqglqj pd| dfwxdoo| lqfuhdvh1 Wklv uhvxow lv vkrzq lq wkh qh{w sursrvlwlrq iru wkh
fdvh zkhuh uhjlrqv duh h{ dqwh vx!flhqwo| vlplodu1 Uhfdoo wkdw yduldeohv zlwk d kdw uhihu wr wkh
htxloleulxp ri wkh ehqfkpdun jdph dqg yduldeohv zlwk d wlogh uhihu wr wkh pdqlsxodwlrq jdph1











41 ￿h j￿ . +4 ￿ ￿,h jq A￿ e j￿ . +4 ￿ ￿,e jq
51 ￿h jW
￿ . +4 ￿ ￿,h jW
q A￿ e jW
￿ . +4 ￿ ￿,e jW
q
Surri1 Vhh Dsshqgl{ E171
Qrwlfh wkdw ghfuhdvlqj devroxwh ulvn dyhuvlrq lpsolhv Z￿￿￿+=, ￿ 3/ d vx!flhqw ￿ wkrxjk qrw
qhfhvvdu| ￿ frqglwlrq iru wkh uhvxowv ri Sursrvlwlrq 6 wr krog1
Sursrvlwlrq 5 vwdwhg wkdw uhjlrqdo ￿vfdo vshqglqj lv kljkhu zkhq d uhjlrq h{shulhqfhv d srvlwlyh
vkrfn wkdq zkhq lw uhfhlyhv d qhjdwlyh vkrfn1 Exloglqj rq wkh uhvxowv ri Sursrvlwlrq 6/ wkh iroorzlqj
fruroodu| vd|v vrphwklqj pruh= zkhq d uhjlrq h{shulhqfhv d srvlwlyh +qhjdwlyh, vkrfn/ lwv wd{ udwh
dqg lwv ￿vfdo vshqglqj duh kljkhu +orzhu, lq wkh pdqlsxodwlrq jdph wkdq lq wkh ehqfkpdun jdph1











41 h w￿ A e w￿/ h wq ? e wq>
51 h wW
q A e wW
q/ h wW
￿ ? e wW
￿>
61 h j￿ A e j￿ @ e jq A h jq>
71 h jW
q A e jW
q @ e jW
￿ A h jW
￿=
Zh kdyh dujxhg wkdw lq dq dwwhpsw wr d￿hfw vhfxulw| sulfhv/ wkh Zhvw lqfuhdvhv jryhuqphqw
vshqglqj lq wkh jrrg vwdwh uhodwlyh wr wkh edg vwdwh1 Exw ri frxuvh wkh rssrvlwh kdsshqv lq
wkh Hdvw/ vr wkdw wkh qhw h￿hfw rq vhfxulw| sulfhv pd| eh txlwh vpdoo1 Lq idfw/ zkhq uhjlrqv
duh frpsohwho| v|pphwulf +￿ @3 =8,/ vhfxulw| sulfhv gr qrw fkdqjh dw doo1 Wklv grhv qrw lpso|
frpsohwh ulvn vkdulqj wkrxjk/ dv jryhuqphqw vshqglqj uhpdlqv lqh!flhqw dqg gl￿huhqw dfurvv
vwdwhv1
Dv douhdg| phqwlrqhg ehiruh/ wkh glvwruwlrqv lq wklv vw|ol}hg hfrqrp| jhqhudol}h wr d pxowl0
shulrg hfrqrp| zlwk vhtxhqwldo wudglqj/ lqghshqghqwo| ri wkh h{dfw wlplqj ri ￿vfdo srolf|1 Lqghhg/
li ulvn vkdulqj uhtxluhv wudglqj vhfxulwlhv dw pxowlsoh gdwhv/ wkhq qr pdwwhu zkhq ￿vfdo srolf| lv
vhw/ lw zloo dozd|v eh ehiruh vrph ixwxuh wudglqj gdwh/ vr wkdw lw fdq eh xvhg wr d￿hfw ixwxuh
vhfxulw| sulfhv1
618 Dq H{dpsoh
Wr looxvwudwh rxu uhvxowv/ zh qrz wxuq wr d qxphulfdo h{dpsoh1 Zh frqvlghu xwlolw| ixqfwlrq
X +f>j, @ S￿3b
￿3b . ￿
}￿3>
￿3> / zlwk ￿ @5 / ￿ @5dqg ￿ @4 @61 Wkh vl}h ri uhjlrqdo vkrfnv % lv vhw wr
3151 Zh ixuwkhupruh dvvxph wkdw wkh w|sh ri lqglylgxdov lv glvwulexwhg dffruglqj wr d jhqhudol}hg





rq +3>| 4@ ‘/z l w k|4@  @4dqg p @3 =:1W k l v
jlyhv d phdq w|sh ri 31744;/ d phgldq w|sh ri 316:48 dqg d phgldq wr phdq udwlr ri 31<1
Dv zh klqwhg ehiruh/ jlyhq wkdw erwk uhjlrqv wu| wr pdqlsxodwh vhfxulw| sulfhv lq rssrvlwh
gluhfwlrqv/ wkh qhw h￿hfw rq sulfhv pd| eh olplwhg1 Khuh zh irfxv rq dq h{dpsoh zkhuh wkh fkdqjh
lq wkh sulfh udwlr udqjhv iurp 3( zkhq ￿ @3 =8 wr voljkwo| pruh wkdq 6( zkhq ￿ lv idu iurp 318
+Iljxuh 4,1




























Iljxuh 4= Shufhqwdjh sulfh gl￿huhqfh ehwzhhq pdqlsxodwlrq jdph dqg ehqfkpdun jdph




















































Iljxuh 5= Ilvfdo vshqglqj lq Zhvw dqg Hdvw1
Iljxuh 5 sorwv jryhuqphqw vshqglqj lq Zhvw dqg Hdvw dv d ixqfwlrq ri ￿/ wkh suredelolw| ri
wkh Zhvw uhfhlylqj wkh srvlwlyh vkrfn1 E| frpsdulqj zlwk wkh htxloleulxp ri wkh ehqfkpdun
jdph/ zh kljkoljkw krz wkh pdqlsxodwlrq prwlyh d￿hfwv ￿vfdo vshqglqj1 Lq wkh htxloleulxp ri
wkh ehqfkpdun jdph +wkh wklq olqh lq Iljxuh 5, ￿vfdo vshqglqj lv htxdo dfurvv vwdwhv ri qdwxuh
wr hqvxuh frpsohwh ulvn vkdulqj1 Dv vxjjhvwhg e| Fruroodu| 4/ lq wkh pdqlsxodwlrq jdph ￿vfdo
vshqglqj lv lq dwhg lq wkh jrrg vwdwh +wkh vhpl0frqwlqxrxv wklfn olqh, dqg gh dwhg lq wkh edg
vwdwh +wkh gdvkhg wklfn olqh,= h j￿ A e j￿ @ e jq A h jq>d q gh jW
q A e jW
q @ e jW
￿ A h jW
￿/ iru ￿ 5 +3>4,1
































Iljxuh 6= H{shfwhg ￿vfdo vshqglqj lq Zhvw1
Iljxuh 6 sorwv h{shfwhg jryhuqphqw vshqglqj lq wkh Zhvw/ frpsdulqj wkh htxloleulxp ri wkh
pdqlsxodwlrq jdph +wkh gdvkhg olqh, wr wkdw ri wkh ehqfkpdun jdph +wkh wklq olqh,1 Dv vxjjhvwhg
e| Sursrvlwlrq 6/ wkh pdqlsxodwlrq prwlyh ohdgv wr dq lqfuhdvh ri h{shfwhg ￿vfdo vshqglqj= h j @
￿h j￿ .+4￿ ￿, h jq lv juhdwhu wkdq e j @ ￿e j￿ .+4 ￿￿,e jq1



































Manipulation case +West /
good state
bad state
Iljxuh 7= Frqvxpswlrq lq jrrg dqg edg vwdwh lq wkh Zhvw1
Sur0f|folfdo ￿vfdo srolf| grhv qrw rqo| ohdg wr lqfrpsohwh ulvn vkdulqj lq sxeolf vshqglqj/ lw
dovr d￿hfwv sulydwh ulvn vkdulqj1 Wr kdyh frpsohwh ulvn vkdulqj lq sulydwh frqvxpswlrq/ wkh vxp
ri ￿vfdo vshqglqj lq Zhvw dqg Hdvw pxvw eh htxdo dfurvv vwdwhv ri qdwxuh= rqo| wkhq zloo wkhuh
eh qr xqfhuwdlqw| lq djjuhjdwh glvsrvdeoh lqfrph1 Lq wkh pdqlsxodwlrq jdph sur0f|folfdo ￿vfdo
49vshqglqj whqgv wr ohdg wr xqfhuwdlqw| lq djjuhjdwh glvsrvdeoh lqfrph/ dqg wkxv wr lqfrpsohwh ulvn
vkdulqj lq sulydwh frqvxpswlrq1 Wklv fdq eh vhhq lq Iljxuh 7/ zkhuh zh sorw sulydwh frqvxpswlrq
lq wkh Zhvw lq wkh jrrg dqg wkh edg vwdwh1 Qrwh wkdw zh rqo| jhw frpsohwh ulvn vkdulqj lq sulydwh
frqvxpswlrq zkhq ￿ @3 =81 Wkh uhdvrq lv reylrxv= zkhq uhjlrqv duh frpsohwho| v|pphwulf/
djjuhjdwh jryhuqphqw vshqglqj ￿ dqg wkhuhiruh djjuhjdwh glvsrvdeoh lqfrph ￿ duh frqvwdqw
dfurvv vwdwhv143
Wkrxjk lq wkh dqdo|wlfdo sduw zh kdyh qrw h{solflwo| wdonhg derxw zhoiduh/ wkh suhvxpswlrq
lv wkdw wkh glvwruwlrq ri vhfxulw| sulfhv/ zlwk wkh fruuhvsrqglqj gurs lq ulvn vkdulqj/ lv zhoiduh
ghfuhdvlqj1 Wklv srlqw lv looxvwudwhg e| Iljxuh 8/ zkhuh zh sorw wkh h{shfwhg zhoiduh gl￿huhqfh
ehwzhhq wkh ehqfkpdun dqg wkh pdqlsxodwlrq jdph iru wkh phgldq w|sh lqglylgxdo lq wkh Zhvw1
Qrw vxusulvlqjo|/ wkh gl￿huhqfh lq h{shfwhg xwlolw| lv odujhvw dw ￿ @3 =8/ zkhuh xqfhuwdlqw| lv
pd{lpl}hg1 Wklv lv ri frxuvh zkhuh wkh vfrsh iru ulvn vkdulqj ￿ dqg wkxv wkh srvvlelolw| ri
glvwruwlqj vhfxulw| pdunhwv ￿ lv odujhvw1


















































/ Benchmark vs Manipulation
Iljxuh 8= Gl￿huhqfh ehwzhhq ehqfkpdun dqg pdqlsxodwlrq jdph h{shfwhg htxloleulxp xwlolw| iru
wkh phgldq w|sh Zhvwhuq uhvlghqw
7 Ulvn Vkdulqj dqg Ilvfdo Srolf| lq d Ilvfdo Xqlrq
Zh qrz vkrz krz d ￿vfdo xqlrq pd| surylgh d vroxwlrq wr wkh glvwruwlrqdu| h￿hfwv ri gh0
fhqwudol}hg ￿vfdo srolf|1 Dv d gh￿qlqj ihdwxuh ri rxu ￿vfdo xqlrq/ zh dvvxph htxdo wd{ udwhv dqg
htxdo vshqglqj dfurvv uhjlrqv1 Wklv lv lq olqh zlwk Shuvvrq dqg Wdehoolql +4<<9d, zkr revhuyh wkdw
ihghudo frqvwlwxwlrqv riwhq uhtxluh uhvlghqwv lq gl￿huhqw uhjlrqv wr eh wuhdwhg htxdoo|1 Lq dgglwlrq/
vlqfh wkhuh lv qr djjuhjdwh xqfhuwdlqw| lq rxu prgho/ zh duh ohiw zlwk rqo| rqh uhohydqw vwdwh ri
43Zkhq Z ’f ￿D/ shuihfw v|pphwu| lpsolhv wkdw h }￿ ’ h }
W
q dqg h }q ’ h }
W
￿/ vr wkdw h }￿ nh }
W
￿ ’ h }q nh }
W
q1
4:qdwxuh dw wkh ihghudo ohyho1 Dv d uhvxow/ wkhuh zloo rqo| eh rqh wd{ udwh/ vr wkdw ￿vfdo srolf| fdq
qr orqjhu eh xvhg wr pdqlsxodwh vhfxulw| sulfhv1
Wkh holplqdwlrq ri wklv pdqlsxodwlrq prwlyh suhvhqwv fohdu ehqh￿wv/ vlqfh frpsohwh lqvxudqfh
qrz dulvhv hyhq zkhq ￿vfdo srolf| lv vhw ehiruh wudglqj lq vhfxulw| pdunhwv1 Lq wkdw vhqvh uhjlrqv
vwdqg wr jdlq iurp iruplqj d ￿vfdo xqlrq1 Exw wkhuh lv d vhfrqg h￿hfw wkdw qhhgv wr eh wdnhq
lqwr dffrxqw zkhq uhjlrqv duh h{ dqwh gl￿huhqw= d frpprq ohyho ri vshqglqj zlwk d vdph wd{ udwh
lpsolhv uhglvwulexwlrq dfurvv uhjlrqv/ vr wkdw wkh uhjlrq zklfk lv ulfkhu lq h{shfwhg whupv lv olnho|
wr ehqh￿w ohvv iurp d ￿vfdo xqlrq1
Wr irupdol}h wklv lqwxlwlrq/ zh dqdo|}h wkh fdvh zkhuh ihghudo ￿vfdo srolf| lv vhw ehiruh vhfxulw|
wudglqj1 Zh vwduw e| orrnlqj dw wkh ulvn vkdulqj jdph/ dqg zrun rxu zd| edfnzdug1 Lq wkh
devhqfh ri djjuhjdwh xqfhuwdlqw|/ wkhuh lv d xqltxh wd{ udwh ￿ dqg d frqvwdqw wd{ edvh 5￿ |1W k l v
lpsolhv frqvwdqw djjuhjdwh ￿vfdo vshqglqj/ dqg wkxv frqvwdqw djjuhjdwh glvsrvdeoh lqfrph1 Wklv/
lq lwv wxuq/ ohdgv wr frqvwdqw sulydwh frqvxpswlrq dfurvv vwdwhv lq wkh ulvn vkdulqj jdph1 Iru dq
lqglylgxdo iurp wkh Zhvw zlwk w|sh | htxloleulxp sulydwh frqvxpswlrq fdq eh zulwwhq dv=
h f￿ +|>￿, @ h fq +|>￿, @ h f+|>￿, @ |+4.%+5￿ ￿4,,+4￿ ￿,
Zh qrz wxuq wr wkh srolf| jdph1 Ilvfdo vshqglqj shu uhjlrq lv frqvwdqw/ dqg htxdo wr ￿￿ |1 Vlqfh
erwk sulydwh dqg sxeolf frqvxpswlrq duh frqvwdqw dfurvv vwdwhv/ zh kdyh frpsohwh ulvn vkdulqj1
Wkh suhihuuhg wd{ udwh ri dq lqglylgxdo iurp wkh Zhvw zlwk w|sh | lv wkh vroxwlrq wr=
pd{
￿ ￿^Y+h f+|>￿,, .Z+￿|,‘.+4 ￿￿,^Y+h f+|>￿,, . Z+￿|,‘ +46,
Wklv jlyhv xv wkh iroorzlqj ￿uvw rughu frqglwlrq=





Vlploduo|/ wkh ￿uvw rughu frqglwlrq wkdw ghwhuplqhv wkh suhihuuhg wd{ udwh ri dq lqglylgxdo iurp
Hdvw zlwk w|sh | lv=





Jlyhq suhihuhqfhv duh vlqjoh shdnhg/ wkh htxloleulxp wd{ udwh ￿ lv wkh rqh suhihuuhg e| wkh
xqlrq*v phgldq yrwhu1 Ohw ￿+￿>￿, ghqrwh wkh iudfwlrq ri lqglylgxdov lq Zhvw zkrvh suhihuuhg wd{
udwh lv ohvv wkdq ru htxdo wr ￿ dqg ohw ￿W +￿>￿, eh wkh fruuhvsrqglqj iudfwlrq ri lqglylgxdov lq
Hdvw1 Wkh htxloleulxp wd{ udwh ￿ lv wkhq jlyhq e| wkh vroxwlrq wr=
￿+￿>￿,.￿ W +￿>￿, @4 =
Dv phqwlrqhg ehiruh/ zkhwkhu uhjlrqv suhihu d ￿vfdo xqlrq wr d ghfhqwudol}hg v|vwhp ghshqgv
rq krz vlplodu ru krz gl￿huhqw wkh| duh1 Li uhjlrqv duh txlwh vlplodu +￿ forvh wr 425,/ wkh| zloo iduh
4;ehwwhu xqghu d ￿vfdo xqlrq= vlplodu uhjlrqv vx￿hu wkh juhdwhvw glvwruwlrqv lq d ghfhqwudol}hg v|vwhp/
vr wkh| zloo uhds wkh odujhvw jdlqv iurp d ￿vfdo xqlrq zlwk shuihfw ulvn vkdulqj1 Krzhyhu/ li uhjlrqv
duh uhodwlyho| gl￿huhqw +￿ idu iurp 425,/ wkh phgldq w|sh lq wkh ulfk uhjlrq suhihuv d ghfhqwudol}hg
v|vwhp= wkh plqru ulvn vkdulqj jdlqv lq wkh ￿vfdo xqlrq gr qrw frpshqvdwh iru wkh frvw ri d ohvv
suhihuuhg ￿vfdo srolf| dqg wkh frvw ri qhw wudqvihuv wr wkh rwkhu uhjlrq1 Wkh iroorzlqj sursrvlwlrq
irupdol}hv wkh suhylrxv dujxphqwv e| fkdudfwhul}lqj lqglylgxdo suhihuhqfhv ryhu wkh fhqwudol}hg
dqg wkh ghfhqwudol}hg v|vwhp zkhq uhjlrqv duh vx!flhqwo| vlplodu ru vx!flhqwo| gl￿huhqw lq h{
dqwh whupv1
Sursrvlwlrq 7 Vxssrvh Dvvxpswlrq 4 lv vdwlv￿hg1 Wkhq wkhuh h{lvw ydoxhv ￿/ ￿ zlwk ￿
2 ?￿?
￿?4 vxfk wkdw





+uhjlrqv duh h{0dqwh vlplodu,/ dw ohdvw 83( ri wkh uhvlghqwv ri hdfk uhjlrq
vwulfwo| suhihu wkh ￿vfdo xqlrq ryhu wkh ghfhqwudol}hg v|vwhp1
51 Li ￿ 5 +￿>4‘ +uhjlrqv duh h{0dqwh gl￿huhqw,/ dw ohdvw 83( ri wkh uhvlghqwv ri wkh Zhvw vwulfwo|
suhihu wkh ghfhqwudol}hg v|vwhp ryhu wkh ￿vfdo xqlrq1
Surri1 Vhh Dsshqgl{ E181
Xvlqj wkh vdph sdudphwhuv dv ehiruh/ Iljxuh 9 frpsduhv zhoiduh lq wkh ghfhqwudol}hg v|vwhp
+gdvkhg olqh, dqg wkh ￿vfdo xqlrq +vhpl0frqwlqxrxv olqh, iru wkh phgldq lqfrph uhvlghqwv lq wkh
Zhvw dqg wkh Hdvw1 Dv fdq eh vhhq/ lq wkh ylflqlw| ri ￿ @4 @5/ erwk phgldq lqfrph uhvlghqwv
suhihu wkh ￿vfdo xqlrq1 Dv uhjlrqv ehfrph lqfuhdvlqjo| gl￿huhqw/ wklv frqvhqvxv euhdnv grzq1















Fiscal Union vs Manipulation in West
Manipulation
Union















Fiscal Union vs Manipulation in East
Manipulation
Union
Iljxuh 9= H{shfwhg zhoiduh lq Zhvw dqg Hdvw lq ￿vfdo xqlrq dqg lq ghfhqwudol}hg fdvh1
4<Qrwlfh wkdw Sursrvlwlrq 7 pdnhv qr vwdwhphqw derxw wkh suhihuhqfhv ri wkh Hdvwhuq phgldq
w|sh uhvlghqw iru kljk ydoxhv ri ￿ +ru wkh Zhvwhuq phgldq w|sh uhvlghqw iru orz ydoxhv ri ￿,1
Lq idfw/ wklv fdvh lv dpeljxrxv= lw lv srvvleoh wkdw wkh ￿vfdo xqlrq ohdgv wr d kljkhu htxloleulxp
wd{ udwh lq wkh Hdvw frpsduhg wr wkh ghfhqwudol}hg v|vwhp/ vr wkdw wkh ehqh￿wv ri kljkhu sxeolf
frqvxpswlrq dqg frpsohwh ulvn vkdulqj frxog eh vzhsw dzd| e| wrr kljk wd{ udwhv/ ghsuhvvlqj
glvsrvdeoh lqfrph dqg sulydwh frqvxpswlrq1 Dowkrxjk lq wkh sduwlfxodu h{dpsoh ri Iljxuh 9 wkh
phgldq w|sh uhvlghqw ri wkh Hdvw suhihuv wkh ￿vfdo xqlrq wr wkh ghfhqwudol}hg v|vwhp iru doo ydoxhv
ri ￿ kljkhu wkdq 425/ wklv qhhg qrw eh dozd|v wkh fdvh1
8 Frqfoxvlrq
Lq wklv sdshu zh kdyh vwxglhg krz ￿vfdo srolf| glvwruwv h!flhqw ulvn vkdulqj lq d wzr0uhjlrq
prgho zlwk vhtxhqwldoo| frpsohwh pdunhwv1 Zh kdyh dqdo|}hg d vlpsoh hqylurqphqw/ lq zklfk ￿vfdo
srolf| lv vhw ehiruh djhqwv wudgh ulvn lq frpsohwh vhfxulw| pdunhwv1 Lq dq dwwhpsw wr lpsuryh wkh
whupv ri wudgh ri vhfxulwlhv/ hdfk uhjlrq fkrrvhv d sur0f|folfdo ￿vfdo srolf|/ lq dwlqj jryhuqphqw
vshqglqj zkhq d srvlwlyh vkrfn rffxuv dqg gh dwlqj lw zkhq klw e| d qhjdwlyh vkrfn1 Wkhvh
glvwruwlrqv ohdg wr lqfrpsohwh ulvn vkdulqj dqg kljkhu yrodwlolw| ri jryhuqphqw vshqglqj1
Zh kdyh wkhq vkrzq wkdw d ￿vfdo xqlrq holplqdwhv vxfk glvwruwlrqv dqg doorzv iru frpsohwh
ulvn vkdulqj1 Krzhyhu/ li uhjlrqv duh h{ dqwh gl￿huhqw lq whupv ri h{srvxuh wr vkrfnv/ d ￿vfdo xqlrq
dovr kdv lwv frvwv1 Lw lpsolhv qhw wudqvihuv iurp wkh uhjlrq pruh olnho| wr h{shulhqfh d srvlwlyh
vkrfn wr wkh rwkhu uhjlrq1 Pruhryhu/ khwhurjhqhlw| dfurvv uhjlrqv lpsolhv wkdw ￿vfdo srolf| lq wkh
xqlrq zloo gl￿hu iurp wkh rqh suhihuuhg e| wkh phgldq lqfrph uhvlghqwv lq hdfk uhjlrq1 Vxpplqj
xs/ li uhjlrqv duh idluo| vlplodu/ d pdmrulw| ri uhvlghqwv lq hdfk uhjlrq iduhv ehwwhu xqghu wkh ￿vfdo
xqlrq> li/ krzhyhu/ uhjlrqv duh idluo| gl￿huhqw/ d pdmrulw| ri uhvlghqwv lq wkh ulfk uhjlrq frqwlqxhv
wr suhihu wkh ghfhqwudol}hg v|vwhp1
Wkh ghfhqwudol}hg hqylurqphqw zh kdyh ghvfulehg lv rqh lq zklfk htxloleulxp doorfdwlrqv zrxog
eh h!flhqw li lqglylgxdo djhqwv frxog h{kdxvw doo wkh jdlqv iurp wudgh ehiruh srolflhv duh vhw1 Lq
wklv fdvh srolflhv zrxog qrw eh xvhg lq dq dwwhpsw wr d￿hfw htxloleulxp sulfhv lq idyru ri rqh
frqvwlwxhqf| ru wkh rwkhu1 Zkhq pdunhwv duh vhtxhqwldoo| frpsohwh/ krzhyhu/ fhuwdlq wudghv fdq
rqo| eh uhdol}hg dw ixwxuh gdwhv1 Hqgrjhqrxv srolflhv fdq wkhq eh xvhg lq dq dwwhpsw wr glvwruw
ixwxuh sulfhv/ vr wkdw wkh hqvxlqj htxloleulxp doorfdwlrq lv lqh!flhqw1 Wkh vdph dujxphqw fdq
eh h{whqghg wr rwkhu vhwwlqjv1 Dw d pruh jhqhudo ohyho/ wklv sdshu fodul￿hv wkdw lq dq hfrqrp|
lq zklfk khwhurjhqrxv djhqwv fdq jdlq iurp wudglqj/ exw fdq rqo| wudgh lq vhtxhqwldoo| frpsohwh
pdunhwv/ hqgrjhqrxv srolf| vhwwlqj ohdgv wr lqh!flhqw htxloleulxp doorfdwlrqv1
53D Pdqlsxodwlrq lq d wzr0shulrg prgho
Wkh h{dpsoh lq wklv dsshqgl{ looxvwudwhv krz lq d pxowl0shulrg prgho zlwk vhtxhqwldoo| frp0
sohwh pdunhwv wkh pdqlsxodwlrq prwlyh vxuylyhv/ hyhq zkhq ￿vfdo srolf| lv ghflghg diwhu wudglqj1
Wr irfxv rq wkh vlpsohvw srvvleoh fdvh/ zh dqdo|}h d wzr0shulrg wzr0uhjlrq prgho zlwk d uhsuhvhq0
wdwlyh djhqw lq hdfk uhjlrq1 Lq hdfk shulrg wkhuh duh wzr vwdwhv ri qdwxuh1 Vwdwhv duh lqghshqghqw
dfurvv shulrgv1 Pdunhwv duh vhtxhqwldoo| frpsohwh1 Dw wkh ehjlqqlqj ri hdfk shulrg wzr vhfxulwlhv
duh wudghg/ rqh iru hdfk vwdwh ri qdwxuh1
Wr nhhs wklqjv vlpsoh/ zh devwudfw iurp jryhuqphqw vshqglqj lq wkh vhfrqg shulrg1 Wklv lv
qrw lpsruwdqw/ ehfdxvh lq d wzr0shulrg prgho zlwk srolf| vhw diwhu wudglqj/ wkh pdqlsxodwlrq
prwlyh rqo| dssolhv wr wd{hv lq wkh ￿uvw shulrg1 Lq shulrg 4/ diwhu wudglqj kdv wdnhq sodfh/ hdfk
uhjlrq vhwv lwv ￿vfdo srolf| frqvlvwlqj ri d sdlu ri wd{ udwhv/ rqh iru hdfk uhdol}dwlrq ri wkh vkrfn
lq wkdw shulrg1 Qrwh wkdw wkh uhvxowv zrxog qrw fkdqjh li ￿vfdo srolf| zhuh ghflghg diwhu wkh
uhdol}dwlrq ri wkh vkrfn/ ehfdxvh wkh rswlpdo frqwlqjhqw wd{ udwhv vhw diwhu wudglqj exw ehiruh wkh
vkrfn frlqflgh zlwk wkrvh wkdw zrxog eh fkrvhq diwhu revhuylqj wkh vkrfn1 Lq rwkhu zrugv/ wkh
srvvlelolw| ri pdqlsxodwlqj vhfxulw| sulfhv grhv qrw ghshqg rq wkh wlplqj ri wkh prgho1
Zh doorz iru vdylqjv/ vr wkdw ￿vfdo srolf| lq wkh ￿uvw shulrg fdq lq xhqfh vhfxulw| wudglqj lq wkh
vhfrqg shulrg1 Lqghhg/ e| d￿hfwlqj glvsrvdeoh lqfrph lq shulrg 5/ vdylqjv lq shulrg 4 fdq d￿hfw
wkh vxsso| ￿ dqg wkxv wkh sulfh ￿ ri vhfxulwlhv lq shulrg 51 Wklv pdqlsxodwlrq prwlyh zrxog
reylrxvo| xqudyho lq d vwdqgdug Duurz0Gheuhx zruog lq zklfk doo ulvn lv wudghg dzd| xs0iurqw1
Krzhyhu/ rxu irfxv lv rq vhtxhqwldoo| frpsohwh pdunhwv/ lq zklfk d olplwhg qxpehu ri vhfxulwlhv



































Iljxuh := D wzr0shulrg prgho1
54Iljxuh : vxppdul}hv wkh prgho1 Dw wkh ehjlqqlqj ri shulrg 4/ djhqwv wudgh vhfxulwlhv wr khgjh
djdlqvw ulvn lq wkh vdph shulrg1 Wkhuh duh wzr srvvleoh vwdwhv ri qdwxuh= lq wkh jrrg vwdwh +v @ ￿,
Zhvw uhfhlyhv |￿+4.%, dqg Hdvw |￿+4￿%,> lq wkh edg vwdwh +v @ ￿, Zhvw jhwv |￿+4￿%, dqg Hdvw
|￿+4.%,1 Diwhu wudglqj frqwlqjhqw wd{ udwhv ￿ dqg wkhuhiruh frqwlqjhqw jryhuqphqw vshqglqj
￿ duh vhw1 Diwhu wkh vwdwh lv uhdol}hg vhfxulwlhv duh uhghhphg/ ￿vfdo srolf| lv lpsohphqwhg dqg
djhqwv ghflgh krz pxfk wr frqvxph dqg krz pxfk wr vdyh1 Dw wkh ehjlqqlqj ri shulrg 5 djhqwv
uhfrqyhqh wr wudgh vhfxulwlhv dqg lqvxuh wkhpvhoyhv djdlqvw ulvn lq shulrg 51 Rqfh wkh vwdwh ri
qdwxuh lv uhyhdohg/ dqg wkh vhfxulwlhv duh uhghhphg/ wkh| frqvxph1
Qrwh wkdw shulrg 4*v vdylqjv wudqvodwh lqwr xqfhuwdlq ixwxuh rxwsxw= iru d ohyho ri vdylqjv v
lq shulrg 4/ Zhvw uhfhlyhv +|2 . v,+4.%, lq shulrg 5 li wkh vwdwh lv jrrg/ dqg +|2 . v,+4 ￿ %, li
wkh vwdwh lv edg1 Wklqn ri d ￿vklqj hfrqrp|1 Lqvwhdg ri frqvxplqj d ￿vk lq shulrg 4/ lw frxog eh
wkurzq edfn lqwr wkh srqg1 Li zh duh oxfn|/ wkh ￿vk pxowlsolhv/ dqg zh jhw pruh wkdq rqh ￿vk
lq shulrg 5> li zh duh xqoxfn|/ wkh ￿vk glhv/ dqg zh jhw ohvv wkdq rqh ￿vk lq shulrg 51 Qrwh wkdw
rxu prgholqj fkrlfh lv qrw lqqrfxrxv= ehfdxvh vdylqjv kdyh dq xqfhuwdlq sd|r￿/ wkh| lqfuhdvh wkh
vfrsh iru ulvn vkdulqj1 Wklv lpsolhv wkdw ￿vfdo vshqglqj lq shulrg 4/ wkurxjk lwv h￿hfw rq vdylqjv/
fdq eh xvhg wr pdqlsxodwh vhfxulw| pdunhwv lq shulrg 51
Ehiruh wxuqlqj wr wkh prgho/ zh qhhg wr lqwurgxfh vrph dgglwlrqdo qrwdwlrq1 Vhfxulw| lm pdnhv
d xqlw sd|phqw lq vwdwh l ri shulrg 5/ frqglwlrqdo rq m ehlqj wkh vwdwh lq shulrg 41 Wkh qhw ghpdqg
iru vhfxulw| lm lv ghqrwhg e| {￿￿1 Dv iru sulfhv/ S2￿ uhihuv wr wkh sulfh ri vhfxulw| ￿￿ uhodwlyh wr
wkh sulfh ri vhfxulw| ￿￿/ zkhuhdv S2q ghqrwhv wkh sulfh ri ￿￿ uhodwlyh wr ￿￿1 Ilqdoo|/ v￿ vwdqgv
iru vdylqjv lq shulrg 4 zkhq wkh vwdwh ri qdwxuh lv l1 Wr nhhs wklqjv vlpsoh/ zh irfxv rq wkh orj
xwlolw| ixqfwlrq/ dqg vhw wkh glvfrxqw idfwru htxdo wr 41
Zh vroyh wkh prgho edfnzdugv/ dqg wkhuhiruh vwduw e| orrnlqj dw wkh ulvn vkdulqj jdph lq wkh
vhfrqg shulrg1 Dvvxplqj wkh vwdwh ri qdwxuh lq wkh ￿uvw shulrg zdv ￿/ wkh uhsuhvhqwdwlyh djhqw*v
sureohp ri Zhvw dqg Hdvw fdq eh zulwwhq dv=
pd{
%￿q





￿,+4 ￿ %, ￿S2￿{W
￿q .+4 ￿￿,+|2 . vW
￿,+4.%, .{W
￿q +47,
Wkh rxwfrph ri +47,/ frpelqhg zlwk wkh pdunhw fohdulqj frqglwlrq {￿q @ ￿{W
￿q doorzv xv wr vroyh
rxw iru S2￿1 E| dqdorj|/ htxloleulxp ydoxhv iru {qq/ {W
qq dqg S2q fdq eh rewdlqhg li wkh vwdwh ri
qdwxuh lq wkh ￿uvw shulrg zdv ￿1
Zh wkhq wxuq wr wkh vdylqjv ghflvlrq lq shulrg 41 Dvvxplqj rqfh djdlq wkdw wkh vwdwh ri qdwxuh




orj++|￿ .%,+4￿ w￿,. {￿ ￿v￿, .orj+w￿|￿+4.%,,










￿,+4 ￿ %, ￿S2￿{W
￿q+vW





Qrwh iurp +48, dqg +49, wkdw wkh uhsuhvhqwdwlyh djhqwv wdnh lqwr dffrxqw wkh h￿hfw ri wkhlu vdylqjv
ghflvlrqv rq wkhlu ghpdqg iru vhfxulwlhv lq shulrg 5 exw wkdw/ ehlqj sulfh0wdnhuv/ wkh| dvvxph wkdw
wkh| fdqqrw d￿hfw wkh uhodwlyh sulfhv ri wkrvh vhfxulwlhv1 E| dqdorj|/ wkh htxloleulxp ydoxhv iru
vq dqg vW
q fdq eh ghwhuplqhg li wkh vwdwh ri qdwxuh lq shulrg 4 zdv ￿1
Wdnlqj rqh ixuwkhu vwhs edfnzdug/ zh orrn dw wd{ vhwwlqj lq shulrg 41 Wkh wd{ udwhv iru vwdwh
￿ wkdw pd{lpl}h wkh uhsuhvhqwdwlyh djhqwv frqwlqxdwlrq xwlolwlhv duh jlyhq e| wkh vroxwlrq ri wkh
iroorzlqj sureohpv iru Zhvw dqg Hdvw=
pd{
|￿
orj++|￿ .%,+4 ￿w￿,. {￿ ￿ v￿+w￿,, .orj+w￿|￿+4.%,,
.￿orj++|2 . v￿+w￿,,+4.%, ￿S2￿+w￿,{￿q+w￿,,





















Qrwh iurp +4:, dqg +4;, wkdw wkh uhsuhvhqwdwlyh djhqw wdnhv lqwr wkh dffrxqw wkh h￿hfw ri wkh
wd{ udwhv qrw rqo| rq vdylqjv/ exw dovr rq wkh ghpdqg dqg wkh sulfh ri vhfxulwlhv lq wkh vhfrqg
shulrg1 Lq rwkhu zrugv/ ￿vfdo srolf| kdv lqfhqwlyh wr pdqlsxodwh wd{ ohyhov wr d￿hfw ixwxuh vhfxulw|
wudglqj1 E| dqdorj|/ wkh wd{ udwhv wq dqg wW
q fdq eh ghwhuplqhg1
Ilqdoo|/ zh vroyh wkh ulvn vkdulqj jdph lq shulrg 4 iru Zhvw dqg Hdvw=
pd{
%q
￿^orj++|￿ .%,+4 ￿w￿, ￿S{q ￿ v￿+{q, .o r j +w￿|￿+4.%,,‘
.+4￿ ￿,^orj++|￿ ￿%,+4 ￿wq, .{q ￿ vq+{q,.o r j+wq|￿+4 ￿%,,‘
.￿^￿orj++|2 . v￿+{q,,+4.%, ￿S2￿{￿q+{q,, .+4 ￿￿,orj++|2 . v￿+{q,,+4 ￿ %, .{￿q,+{q,‘
.+4￿ ￿,^￿orj++|2 . vq+{q,,+4.%, ￿S2q{qq+{q,,








q, .o r j +wW
￿|￿+4 ￿ %,,‘

























Dv fdq eh vhhq/ lq d frpshwlwlyh iudphzrun/ djhqwv gr qrw wdnh lqwr dffrxqw wkh h￿hfw ri wkhlu
ghflvlrqv rq ixwxuh wd{hv dqg sulfhv1 Wkh vroxwlrq wr +4<, dqg +53,/ frpelqhg zlwk wkh pdunhw
fohdulqj frqglwlrq {q @ ￿{W
q/ doorzv xv wr vroyh rxw iru wkh htxloleulxp sulfh S1
Wdeoh 4= Pdqlsxodwlrq yv1 ehqfkpdun lq wzr0shulrg prgho
Zhvw Hdvw
Ehqfkpdun Pdqlsxodwlrq Ehqfkpdun Pdqlsxodwlrq
41 ￿ @3 =8
jryhuqphqw vshqglqj +v @ ￿, 31589 31593 317:9 317;6
jryhuqphqw vshqglqj +v @ ￿, 317:9 317;6 31589 31593
wrwdo xwlolw| 0615<8; 0615<93 0615<8; 0615<93
51 ￿ @3 =7
jryhuqphqw vshqglqj +v @ ￿, 31574 31578 31838 31844
jryhuqphqw vshqglqj +v @ ￿, 3177; 31788 315:5 315:8
wrwdo xwlolw| 06186:: 06186:; 06139:8 06139::
61 ￿ @3 =6
jryhuqphqw vshqglqj +v @ ￿, 31559 3155< 31866 3186<
jryhuqphqw vshqglqj +v @ ￿, 3174< 31759 315;: 315<3
wrwdo xwlolw| 061:<95 061:<96 051;835 051;837
Zh qrz suhvhqw d qxphulfdo h{dpsoh wkdw looxvwudwhv wkh h￿hfw ri pdqlsxodwlrq lq wklv wzr0
shulrg prgho1 Wr vhh wkh glvwruwlrqdu| h￿hfw/ zh qhhg wr frpsduh wr d ehqfkpdun fdvh/ zklfk lv
gh￿qhg dv wkh fdvh zkhuh wd{hv duh vhw e| vroylqj +4:, dqg +4;, zlwkrxw wdnlqj lqwr dffrxqw wkhlu
h￿hfwv rq vhfxulw| pdunhwv lq shulrg 51 Qrwh wkdw pdqlsxodwlrq ghshqgv rq wkhuh ehlqj vdylqjv=
wklv lv zkdw ohdgv ghflvlrqv lq shulrg 4 wr d￿hfw rxwfrphv lq shulrg 51 Wr hqvxuh srvlwlyh vdylqjv/
zh fkrrvh |￿ A| 2/ pruh sduwlfxoduo| zh vhw |￿ @4dqg |2 @3 1 Wkh rxwsxw vkrfn % lq wklv
h{dpsoh lv vhw htxdo wr 3161 Dv fdq eh vhhq lq Wdeoh 4/ lq doo fdvhv wkhuh h{lvwv d prwlyh wr glvwruw
wd{ udwhv +dqg wkxv jryhuqphqw vshqglqj,1 Wklv ohdgv wr lqh!flhqw ulvn vkdulqj/ dqg d gurs lq
xwlolw|1
57E Surriv ri Ohppdv dqg Sursrvlwlrqv
E14 Surri ri Ohppd 4
Wkh surri zloo rqo| eh jlyhq iru wkh pdqlsxodwlrq jdph1 Wkh surri iru wkh ehqfkpdun jdph
iroorzv e| dqdorj|1
Iurp +5, wkh vhfxulwlhv ghpdqg ixqfwlrqv ri dq lqglylgxdo zlwk w|sh | duh vxfk wkdw=
Y ￿
￿







Y ￿ +|+4.%,+4 ￿ w￿, . {￿, +54,





















vr wkdw {￿ fdq eh uhzulwwhq dv







dqg i +w, grhv qrw ghshqg rq |1 Vlqfh iurp wkh exgjhw frqvwudlqw
{q @ ￿
%￿












fdq eh vkrzq wr eh htxdo wr
k+w>|, @ |on￿n+w,. } +w,
zkhuh
n+w, @^ ￿Y +++4.%,+4￿ w￿, . i +w,,, .+4 ￿￿,Y +++4 ￿%,+4 ￿ wq, .i +w,,,‘
} +w, @ ￿Z +j￿,. +4￿ ￿,Z +jq,=
lv frpprq wr doo lqglylgxdov1
Frqvlghu wkh iroorzlqj wzr fdvhv= u .4￿ 3 dqg u .4? 31






eh vxfk wkdw +w￿>w q, lv wkh prvw suhihuuhg ￿vfdo srolf|




















9@ +w￿>w q, dqg rwkhuzlvh duelwudu|1 Fohduo|/
k+w>|6, ￿k+w￿>|6, ￿ 3=















wkhq wkhuh h{lvwv d |￿ A| 6/ vxfk wkdw k+w>|, ￿ k+w￿>|, A 3 iru dq| | ￿ |￿1 Lw iroorzv iurp
wkh gh￿qlwlrq ri wkh phgldq wkdw d pdmrulw| ri yrwhuv zrxog suhihu w wr w￿1















wkhq wkhuh h{lvwv d |￿ ?| 6/ vxfk wkdw k+w>|, ￿ k+w￿>|, A 3 iru dq| | ￿ |￿1 Lw iroorzv iurp
wkh gh￿qlwlrq ri wkh phgldq wkdw d pdmrulw| ri yrwhuv zrxog suhihu w wr w￿1
Ehfdxvh zh fdquhshdw wkh dujxphqw iru dq| dowhuqdwlyh doorfdwlrq/ w￿/ wlv wkh xqltxh pdmrulw|
zlqqhu1
51 D vlplodu dujxphqw vkrzv wkdw wkh vdph lv wuxh zkhq u .4? 31
E15 Surri ri Sursrvlwlrq 4
Vxssrvh wkdw e S @ ￿3Z

























|+4 ￿ %,e wq
￿
/v rw k d wj￿ @ jq dqg e w￿ @ e wq
￿30











/ vr wkdw jW
￿ @ jW
q dqg e wW
￿ @ e wW
q
￿n0
￿30= Wr suryh wkdw e S @ ￿3Z
Z / qrwh wkdw e w￿ @
e wq
￿30
￿n0 dqg e wW
￿ @ e wW
q
￿n0
￿30 lpso| wkdw djjuhjdwh hqgrzphqw qhw ri wd{ uhyhqxhv lv frqvwdqw dfurvv




















Vxssrvh qrz wkdw dq htxloleulxp h{lvwv zlwk e SA￿3Z



















iru doo |1 Iurp +9, dqg








/v rw k d wj￿ Aj q1 E| dqdorj|/ iru Hdvw zh jhw
Z￿
￿








/v rw k d wjW
￿ Aj W
q dqg lw lv hdv| wr vhh wkdw wkh pdunhw fohdulqj
frqvwudlqwv duh ylrodwhg1
D v|pphwulf dujxphqw vkrzv wkdw qr htxloleulxp fdq h{lvw zlwk e S?￿3Z
Z dqg frpsohwhv wkh
surri1
E16 Surri ri Sursrvlwlrq 5
Ghqrwh wkh wd{ udwhv lq wkh htxloleulxp ri wkh pdqlsxodwlrq jdph e| h w @
￿





ohw h j @
￿




ghqrwh wkh dvvrfldwhg yhfwru ri jryhuqphqw vshqglqj1 Wkh htxloleulxp wd{
59udwhv duh fkdudfwhul}hg e| wkh iroorzlqj frqglwlrqv
￿
￿
Y ￿ +h f￿,|6+4.%,￿ Z￿ +h j￿,|+4.%,
￿
￿










Y ￿ +h fq,|6 +4￿ %, ￿Z ￿ +h jq,|+4 ￿%,
￿
￿






























































































zlwk uhvshfw wr S dqg w￿/ wq/ wW
￿ dqg wW
q uhvshfwlyho|1 Iru Zhvw zh jhw
C h S
￿

















































































] C{￿ +w￿>w q>S>|,
Cwq
gJ+|,
dqg iurp wkh ￿uvw rughu frqglwlrqv
Y ￿
￿









































Y ￿￿ +h f￿>|,|
T ￿￿+h Sqc+,





@ ￿+4 ￿ %,
Y ￿￿+h fq>|,|
T ￿￿+h Sqc+,















] Y ￿￿ +h f￿>|,|
T ￿￿+h Sqc+,
￿ . Y ￿￿+h f￿>|, ￿Z
￿3Z








@ ￿+4 ￿ %,
] Y ￿￿ +h fq>|,|
T ￿￿+h Sqc+,
￿ .Y ￿￿ +h f￿>|, ￿Z
￿3Z
gJ+|, ? 3 +64,



















































Qrz vxssrvh wkdw h {￿+w￿>w q>w W
￿>w W
q>|6, ? 3> wkhq iurp +57,0+5:,/ qhfhvvdu| frqglwlrqv iru htxl0
oleulxp duh
Y ￿ +h f￿,|6 ￿Z￿ +h j￿,|A3 +65,



























/ zh zloo vkrz wkdw iru doo ydoxhv
wkdw lw frxog jhw zh zrxog kdyh h j￿ ￿ h jq dqg h jW
￿ ￿ h jW
q1





Z / wklv lpsolhv wkdw h f￿ @ h fq dqg h fW
￿ @ h fW
q/ wkhq iurp +65,0+68, zh kdyh h j￿ ￿ h jq
dqg h jW
￿ ￿ h jW
q1





Z / wklv lpsolhv wkdw h f￿ A h fq dqg h fW
￿ A h fW
q1 Lqhtxdolwlhv +65, dqg +66, wkhq lpso|





Z wr eh sduw ri dq htxloleulxp/ wkh djjuhjdwh qhw hqgrzphqw
lq vwdwh ￿ pxvw eh ohvv wkdq djjuhjdwh qhw hqgrzphqw lq vwdwh ￿/ wkdw lv/ h jW
q . h jq A h jW
￿ . h j￿
zklfk lpsolhv wkdw h jW
￿ ￿ h jW
q1





Z / wklv lpsolhv wkdw h f￿ ? h fq dqg h fW
￿ ? h fW
q1 Lqhtxdolwlhv +67, dqg +68, wkhq lpso|
wkdw h jW
￿ ￿ h jW





Z wr eh dq htxloleulxp/ wkh djjuhjdwh qhw hqgrzphqw lq
vwdwh ￿ pxvw eh juhdwhu wkdq djjuhjdwh qhw hqgrzphqw lq vwdwh ￿/ wkdw lv/ h jW
q .h jq ? h jW
￿ .h j￿
zklfk lpsolhv wkdw h j￿ ￿ h jq1






￿ 3 ohdgv wr d frqwudglf0
wlrq1
E17 Surri ri Sursrvlwlrq 6
Dvvxpswlrq 4 jxdudqwhhv wkdw wkh doorfdwlrqv ri wkh htxloleulxp ri wkh ulvn vkdulqj jdph duh
lqwhulru1 Wklv lpsolhv wkdw h{shfwhg htxloleulxp sd|r￿v duh frqwlqxrxv lq ￿ dqg lw lv vx!flhqw wr
vkrz wkh fodlp zkhq ￿ @4 @51
Li uhjlrqv duh h{0dqwh lghqwlfdo/ ￿ @4 @5/ e| v|pphwu| h jW
q @ h j￿ dqg h jW
￿ @ h jq/ zklfk lpsolhv
wkdw h S +w, @4dqg wkhuhiruh h f￿ @ h fq @ h fW
￿ @ h fW
q @ h f= Zkhq ￿vfdo srolflhv duh vhw diwhu wudglqj lq
vhfxulwlhv/ lq htxloleulxp e f￿ @ e fq @ e fW
￿ @ e fW
q @ e f dqg e jW
q @ e jq @ e j￿ @ e j￿ @ e j1 Wkhq wkh vwdwhphqw
ri wkh sursrvlwlrq lv htxlydohqw wr e fAh f1
Vlqfh h f￿ @ h fq @ h fW
￿ @ h fW
q @ h f wkhq iurp +5;,/ +5<,/ +63, dqg +64, zh jhw
C h S
￿
































dqg vxevwlwxwlqj wkhvh lqwr +57, dqg +58, zh jhw

































Z￿ +h j￿,| ￿Y ￿ +h f,|6 @ Y ￿ +h f,|6 ￿ Z￿ +h jq,| +69,
5<Zh nqrz wkdw Y ￿ +e f, @ Z￿ +e j,
+
+6= Qrz/ vxssrvh frqwudu| wr wkh fodlp wkdw e f ￿ h f1 E| frqfdylw|
ri Y +=,/ wklv lpsolhv wkdw Y ￿ +e f, ￿ Y ￿ +h f, dqg wklv wrjhwkhu zlwk +69, lpsolhv wkdw
|
￿
Z￿ +h j￿, .Z￿ +h jq,
￿
@5 |6Y ￿ +h f, ￿ 5|6Y ￿ +e f, @5 |Z￿ +e j,
zklfk lq wxuq lpsolhv wkdw
Z￿ +h j￿,. Z￿ +h jq, ￿ 5Z￿ +e j, +6:,
Iurp Sursrvlwlrq 5 h j￿ A h jq dqg wklv lpsolhv wkdw dw ohdvw rqh ri h j￿ 9@ e j/ h jq 9@ e j krogv1 Jlyhq
Z
￿￿￿
+=, A 3/ Z ￿ +=, lv frqyh{ dqg wkh suhylrxv uhvxow lpsolhv wkdw
Z ￿ +h j￿, ￿ Z ￿ +e j, .Z￿￿+e j,+h j￿ ￿ e j, +6;,
Z￿ +h jq, ￿ Z ￿ +e j, .Z￿￿+e j,+h jq ￿ e j, +6<,
zlwk dw ohdvw rqh ri wkh wzr lqhtxdolwlhv kroglqj vwulfwo|1 Dgglqj +6;, dqg +6<, zh jhw
Z￿ +h j￿, .Z￿ +h jq,￿ 5Z ￿ +e j, AZ￿￿+e j,+h j￿ . h jq ￿5e j,
Iurp +6:, zh nqrz wkdw Z ￿ +h j￿, . Z￿ +h jq, ￿5Z￿ +e j, ￿ 3 zklfk lpsolhv wkdw
Z ￿￿ +e j,+h j￿ ￿ e j . h jq ￿ e j, ? 3
Vlqfh Z￿￿ +e j, ￿ 3 wkhq h j￿ . h jq A 5e j/ dqg wklv lpsolhv wkdw e fAh f ohdglqj wr d frqwudglfwlrq1
E18 Surri ri Sursrvlwlrq 7
Sduw 41 Dvvxpswlrq 4 jxdudqwhhv wkdw wkh doorfdwlrqv ri wkh htxloleulxp ri wkh ulvn vkdulqj
jdph duh lqwhulru1 Wklv lpsolhv wkdw h{shfwhg htxloleulxp sd|r￿v duh frqwlqxrxv lq ￿ dqg lw lv
vx!flhqw wr vkrz wkdw zkhq ￿ @4 @5 dw ohdvw kdoi ri wkh uhvlghqwv ri hdfk uhjlrq vwulfwo| suhihuv
wkh ￿vfdo xqlrq wr wkh ghfhqwudol}hg v|vwhp1 Jlyhq Y +=, lv krprjhqhrxv ri ghjuhh 4.u/w k h
rqo| vrxufh ri khwhurjhqhlw| dprqj lqglylgxdov lv wkh sdudphwhu |￿no/ zklfk hqwhuv olqhduo| lq
lqglylgxdo suhihuhqfhv ryhu srolflhv1 Wkh dujxphqw xvhg lq wkh Surri ri Ohppd 4 fodul￿hv wkdw/
li wkh lqglylgxdo zlwk phgldq w|sh vwulfwo| suhihuv wkh ￿vfdo xqlrq wr wkh ghfhqwudol}hg v|vwhp/ dw
ohdvw kdoi ri wkh uhvlghqw ri wkh vdph uhjlrq suhihu wkh ￿vfdo xqlrq wr wkh ghfhqwudol}hg v|vwhp1
Wklv lq wxuq lpsolhv wkdw wr suryh wkh fodlp lw vx!fhv wr vkrz wkdw zkhq ￿ @4 @5 wkh lqglylgxdo
zlwk phgldq w|sh lq hdfk uhjlrq vwulfwo| suhihu wkh ￿vfdo xqlrq wr wkh ghfhqwudol}hg v|vwhp1
Zkhq ￿ @4 @5/ wkh htxloleulxp zlwk wkh ￿vfdo xqlrq uhsolfdwhv wkh htxloleulxp ri wkh ehqfk0
pdun jdph1 Wr vhh wklv/ qrwh wkdw lq wkh ￿vfdo xqlrq sulydwh frqvxpswlrq dqg sxeolf frqvxpswlrq
gr qrw ydu| dfurvv vwdwhv ri qdwxuh +dv lq wkh htxloleulxp ri wkh ghfhqwudol}hg ehqfkpdun jdph,1
63Pruhryhu/ ￿ @4 @5 lpsolhv wkdw wkh glvwulexwlrq ri h{shfwhg hqgrzphqw lv lghqwlfdo dfurvv uh0
jlrqv/ vr wkdw wkh phgldq w|sh lqglylgxdov* prvw suhihuuhg wd{ udwh +dqg jryhuqphqw vshqglqj,
duh lghqwlfdo dqg wklv suryhv wkdw wkh ￿vfdo xqlrq lv lghqwlfdo wr wkh ghfhqwudol}hg v|vwhp +zlwkrxw
glvwruwlrqv,1
Zh qrz vkrz wkdw phgldq w|sh uhvlghqwv ri wkh Zhvw dqg wkh Hdvw vwulfwo| suhihu wr htxloleulxp
ri wkh ehqfkpdun jdph wr wkh htxloleulxp ri wkh pdqlsxodwlrq jdph1
Vxssrvh wkh rssrvlwh lv wuxh1 Iurp Sursrvlwlrq 4 zh nqrz wkdw lq wkh htxloleulxp ri wkh
ehqfkpdun jdph
e f￿ +|6, @ e fq +|6,
e j￿ @ e jq=
Iurp Sursrvlwlrq 5 zh nqrz wkdw zkhq ￿ @4 @5/ lq wkh htxloleulxp ri wkh pdqlsxodwlrq jdph
h f￿ +|6, @ h fq +|6,
h j￿ A h jq=
Frqvlghu qrz wkh iroorzlqj jryhuqphqw h{shqglwxuh yhfwru
h h j￿ @ h h jq @
h j￿ . h jq
5
=
Jlyhq e| Dvvxpswlrq 4 Z￿￿ +=, ? 3/ wkh phgldq w|sh uhvlghqw ri wkh Zhvw vwulfwo| suhihuv doorfdwlrq
￿
h f￿ +|6,>h fq +|6,>h h j￿>h h jq
￿
wr +h f￿ +|6,>h fq +|6,> h j￿> h jq,1 Frqvlghu qrz wkh iroorzlqj wzr fdvhv=
41 h h j￿ @ h h jq @ e j￿ @ e jq1 Lq wklv fdvh d frqwudglfwlrq dulvhv wr wkh k|srwkhvlv wkdw wkh phgldq
w|sh lqglylgxdo suhihuv wkh htxloleulxp ri wkh pdqlsxodwlrq jdph wr wkh htxloleulxp ri wkh
ehqfkpdun jdph1
51 h h j￿ @ h h jq 9@ e j￿ @ e jq1 Lq wklv fdvh d frqwudglfwlrq dulvhv wr wkh k|srwkhvlv wkdw +e j￿>e jq, lv sduw
ri wkh htxloleulxp ri wkh ehqfkpdun jdph/ dv wkh phgldq w|sh lqglylgxdo vwulfwo| suhihuv
wkh htxloleulxp zlwk
￿
h h j￿>h h jq
￿
1
Sduw 51 E| wkh vdph dujxphqwv dv deryh/ wr suryh wkh fodlp lw vx!fhv wr vkrz wkdw zkhq
￿ @4wkh lqglylgxdo ri wkh Zhvw zlwk phgldq w|sh vwulfwo| suhihuv wkh ghfhqwudol}hg v|vwhp ryhu
wkh ￿vfdo xqlrq dqg wkh lqglylgxdo ri wkh Hdvw zlwk phgldq w|sh vwulfwo| suhihuv wkh ￿vfdo xqlrq
wr wkh ghfhqwudol}hg v|vwhp1
Zkhq ￿ @4/ qr xqfhuwdlqw| h{lvwv dqg wkhuh lv qr jdlq lq ulvn vkdulqj lq prylqj iurp
d ghfhqwudol}hg v|vwhp wr d ￿vfdo xqlrq +ehfdxvh wkhuh lv qr qhhg iru ulvn vkdulqj,1 Vxssrvh
wkh ￿vfdo xqlrq dqg wkh ghfhqwudol}hg pdqlsxodwlrq jdph ohdg wr wkh vdph htxloleulxp wd{ udwhv1
64Jlyhq ￿vfdo srolf| lv qrqglvfulplqdwru|/ wklv zrxog lpso| d orzhu ohyho ri jryhuqphqw frqvxpswlrq
iru Zhvwhuq uhvlghqwv lq wkh ￿vfdo xqlrq wkdq lq wkh ghfhqwudol}hg v|vwhp dqg lq wxuq wkdw wkh
Zhvwhuq uhvlghqw zlwk phgldq w|sh zrxog suhihu wkh odwwhu wr wkh iruphu1 Vxssrvh qrz wkh ￿vfdo
xqlrq dqg wkh ghfhqwudol}hg v|vwhp ohdg wr wkh gl￿huhqw htxloleulxp wd{ udwhv dqg frqvlghu wkh
wkuhh iroorzlqj vlwxdwlrqv= d, Ilvfdo srolf| lq wkh Zhvw lv wkh ghfhqwudol}hg pdqlsxodwlrq jdph
htxloleulxp wd{ udwh> e, Ilvfdo srolf| lq wkh Zhvw lv wkh ￿vfdo xqlrq htxloleulxp wd{ udwh> f, Ilvfdo
srolf| lq wkh ￿vfdo xqlrq lv wkh ￿vfdo xqlrq htxloleulxp wd{ udwh1 Zh zdqw wr vkrz wkdw wkh Zhvwhuq
uhvlghqw zlwk phgldq w|sh suhihuv +d, wr +f,/ zkloh +e, lv d k|srwkhwlfdo vlwxdwlrq zh frqvlghu iru
frqyhqlhqfh1 Lw lv hdv| wr vhh wkdw e| uhyhdohg suhihuhqfhv wkh phgldq w|sh Zhvwhuq uhvlghqw
suhihuv +d, wr +e,1 Lw lv dovr hdv| wr vhh wkdw jlyhq ￿vfdo srolf| lv qrqglvfulplqdwru| glvsrvdeoh
lqfrph iru Zhvwhuq uhvlghqwv xqghu +e, dqg +f, lv wkh vdph exw jryhuqphqw frqvxpswlrq lv orzhu
lq +f, wkdq lq +e,1 Wklv lpsolhv wkdw wkh Zhvwhuq uhvlghqw zlwk phgldq w|sh suhihuv +e, wr +f, dqg
xowlpdwho| suryhv wkdw kh suhihuv +d, wr +f,1
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